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1 Overview of the Field
Let Bc0 , resp. B`∞ denote the open unit ball of c0, the complex Banach space of null sequences (resp.
`∞, the space of bounded sequences) both endowed with the supremum norm, and let D∞ be a (somewhat
careless) notation for the countable product of open unit discs D ⊂ C endowed with the product topology.
Our interest focuses on certain Banach algebras of C−valued holomorphic functions:
• H∞(B`∞), of bounded holomorphic functions B`∞ → C,
• H∞(D∞), of bounded holomorphic functions D∞ → C,
• A(Bc0), of uniformly continuous holomorphic functions Bc0 → C, and finally
• A(D∞), of uniformly continuous holomorphic functions D∞ → C.

By holomorphic, we mean complex Fréchet differentiable in the first and third cases, and continuous
(with respect to the product topology) and separately holomorphic (i.e. holomorphic in each variable, with
all other variables held fixed) in the second and fourth cases [5]. It is shown that

A(Bc0) w A(D∞) ( H∞(D∞) ( H∞(Bc0) ( H∞(B`∞).

2 Scientific Progress Made, Open problems and Aftermath
In addition to such inclusion and equality relations, during our stay in Banff we have investigated several
fundamental properties related to these algebras, such as their maximal ideal spaces and local structure of
fibers in these maximal ideal spaces. Our attention was also directed at examining corona type, or cluster
value, theorems in this context. In addition, in a second part of our studies, we investigated approximation of
holomorphic functions by rational functions on infinite products of domains.

A primary motivating factor for our interest in these algebras is that they are natural analogues of the
disc algebra A(D) and the standard H∞(D), and of A(Dn) and H∞(Dn), about whose maximal ideal
spaces a considerable amount is known (although a considerable amount remains unknown as well). To be
more specific, for a unital commutative Banach algebra A letM(A) :≡ {ϕ : A → C | ϕ is a non-trivial
homomorphism }. It is known that M(A(Bc0)) w B`∞ , via the composition of the canonical extension
mapping with evaluation at b ∈ B`∞ , given by

δ̃b : f ∈ A(Bc0)→ f̃ ∈ A(B`∞)→ f̃(b).
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The maximal ideal space of H∞(B`∞) is very complicated. Of course, this is to be expected by anyone
who has studied the maximal ideal space ofH∞(D) (see, e.g., [6]). On the other hand, the situation in infinite
dimensions is much worse; for example, there is plenty of analytic structure in fibers over interior points of
B`∞ (see, e.g., [3]). Now, H∞(D∞) is between A(Bc0) and H∞(Bc0), and the structure of its maximal
ideal space is, so far, completely unknown.

To the non-specialist, a much less arcane topic is the study of fibers over boundary points in the ideal
space of H∞(Dn), for some n ∈ N. Here, the apparent lack of information regarding these fibers is aston-
ishing. For instance, we have shown during our stay in Banff that there is an analytic isomorphism between
M1(H∞(D)) (which is, by definition, the subset of M(H∞(D)) consisting of those homomorphisms ϕ
lying “over” the point 1, i.e. those ϕ such that ϕ(z) = 1) andM(1,b)(H

∞(D2)), for any fixed b ∈ D. On
the other hand, it is unknown whether there is a homeomorphism of any kind between M1(H∞(D)) and
M(1,1)(H∞(D2)). Now, it is known that there is a holomorphic embedding of D intoM1(H∞(D)) and a
similar argument shows that D2 embeds holomorphically intoM(1,1)(H∞(D2)). Surprisingly it is unknown
whether D2 embeds intoM1(H∞(D)). If our conjecture, that this does not occur, were proved to be correct
then it would follow that M1(H∞(D)) and M(1,1)(H∞(D2)) are different. Of course, one can go on to
ask analogous questions forM(H∞(Dn)) for every n ∈ N. The situation with an infinite product of discs
introduces some new wrinkles into the problem. In the context ofM(H∞(Bc0)), we are able to show the
B`∞ can be embedded holomorphically intoM(1,1,...,1,...)(H∞(Bc0)). In addition, we do not (yet) know the
relation between the latter fiber and a fiber like M(1,0,1,0,...,1,0,...)(H∞(Bc0)). Actually, we cannot decide
whether these two fibers are holomorphically homeomorphic using the technique that we have developed to
prove thatM1(H∞(D)) is holomorphically homeomorphic toM(1,b)(H

∞(D2)). Moreover, we have yet to
discover the “position” of fibers likeM( 1

2 ,
2
3 ,...,

n
n+1 ,...)

(H∞(Bc0)).

In the second part of our work during this week, we studied versions of Mergelyan’s theorem that would
be valid on products. Mergelyan’s theorem is one of the classic results of complex analysis. Recently Gau-
thier and Nestoridis (who was originally part of our research team at BIRS but was unable to get funding
to travel from Athens and, in addition, had health problems) proved a generalization of Mergelyan’s theo-
rem for holomorphic functions on products of planar domains, under the assumption that any two points of
the domain can be joined by a path in the domain with length smaller than a fixed constant. We worked
on an extension of this result, in which the complement of each of the planar domains is allowed to have a
finite number of connected components. To be more specific, consider a finite or infinite number of planar
domains {Ui}i∈I each of whose complements has a finite number of connected components, such that any
two points of each domain can be joined by a path in the domain with length smaller than a fixed constantMi.

Theorem [1] Let
(∏

i∈I Ui

)
be as above. Then any function in A

(∏
i∈I Ui

)
can be approximated by a

rational function whose poles are fixed elements of the complement.

Finally, Gauthier reported on his recently submitted paper [4], in which he showed that the zero sets of
most harmonic functions on open sets in RN and most holomorphic functions on open sets in CN are non-
extendable. The fact that this is a generic phenomenon has “resonance” with a 35-year old work of Valdivia
[7]. In fact, we discussed the possibility of investigating this phenomenon in infinite dimensional complex
spaces and came to the conclusion that we could and should proceed in this direction.
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