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Local properties in graphs that imply global cycle properties
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Background:

Local properties and their global implications date back to the 1960’s, when Skupien [23, 24] initiated the study
of locally hamiltonian graphs. A graph is (globally) hamiltonian if it has a Hamilton cycle, i.e., a cycle that visits
every vertex. Skupien called a graph G locally hamiltonian if for each vertex v in G, the subgraph induced by the
open neighbourhood N(v) of v is hamiltonian. If X ⊆ V (G), we denote by 〈X〉 the subgraph of G induced by X.
For a given graph property P, we call a graph G locally P if 〈N(v)〉 has property P for every v ∈ V (G). Locally
traceable graphs were considered by Pareek and Skupien [21], and Chartrand and Pippert [8] introduced the study
of locally connected graphs. For undefined concepts and notation we refer the reader to [6].

Global cycle properties of locally connected, locally traceable and locally hamiltonian graphs were studied, for
example, in [1, 8, 13, 16, 20].

Another local property that has been studied in combination with local connectivity is the property of being
claw-free, i.e., not having the claw, K1,3, as induced subgraph. Note that a graph G is claw-free if and only if
α(〈N(v)〉) ≤ 2 for every v ∈ V (G) (where α denotes the vertex independence number).

The following theorem of Oberly and Sumner [18] has sparked considerable interest in finding combinations of
local properties that imply hamiltonicity.

Theorem 1 (Oberly-Sumner) If G is a connected, locally connected, K1,3-free graph of order at least 3, then G is
hamiltonian.

We shall also consider the global properties of pancyclicity and cycle extendability (which are stronger than
hamiltonicity). A graph G is pancyclic if it has a cycle of every length from 3 up to n (where n is the number of
vertices in G). A cycle C in a graph G is extendable if there exists a cycle C ′ in G that contains all the vertices of
C and one additional vertex. A graph G is cycle extendable if every nonhamiltonian cycle of G is extendable. If, in
addition, every vertex of G lies on a 3-cycle, then G is fully cycle extendable.

Clark [11] strengthened the Oberly-Sumner Theorem by showing that locally connected K1,3-free graphs are
pancyclic, and Hendry [15] observed that Clark had essentially proved the following stronger result.

Theorem 2 (Clark-Hendry) If G is a connected, locally connected, K1,3-free graph, then G is fully cycle extendable.

If the claw-free requirement is dropped from Theorem 1, hamiltonicity is no longer guaranteed, as can be seen
by considering the join K2 + K3. Indeed the problem of determining whether a claw-free graph is hamiltonian or
not (the Hamilton Cycle problem) is NP-complete, see [17]. Similarly if the local connectedness condition is dropped
from Theorem 1, then hamiltonicity is no longer guaranteed even if δ(G) ≥ 2 as is illustrated by the join K1 +(2K2).
Moreover, the Hamilton Cycle problem for locally connected graphs is NP-complete, see [13]. However, it seems
likely that hamiltonicity might still be guaranteed if the claw-free condition is weakened, provided that the local
connectivity condition is appropriately strengthened. Oberly and Sumner [18] suggested the following conjecture as
a generalization of Theorem 1.

Conjecture 1 (Oberly-Sumner) If G is a connected, locally k-connected, K1,k+2-free graph of order at least 3, then
G is hamiltonian.

Theorem 1 proves that Conjecture 1 holds for k = 1. However, the conjecture remains open for k ≥ 2. Oberly
and Sumner [18] also offered a slightly weaker conjecture, in case the first is too optimistic.

Conjecture 2 (Oberly-Sumner) If G is a connected, locally k-connected, K1,k+1-free graph of order at least 3, then
G is hamiltonian.
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Main Result:

The main result proven at this workshop establishes Oberly and Sumner’s Conjecture 1 for a more restricted type
of local connectivity. A graph G is said to be k-P3-connected, k ≥ 1, if for every pair u, v of non-adjacent vertices
of G there exist k distinct u-v paths of order 3, i.e., there are k distinct P3’s having u and v as their ends. These
paths are pairwise internally disjoint and hence every k-P3-connected graph is k-connected. The P3-connectivity of
a graph, denoted by κP3(G), is the smallest k for which G is k-P3-connected.

Theorem 3 If G is a connected, locally k-P3-connected, K1,k+2-free graph of order at least 3, then G is fully cycle
extendable.

The graph Km + Km+1 where m is k or k + 1 shows that the hypothesis in Theorem 3 cannot be weakened.
Theorems 2 and 3 support Bondy’s meta-conjecture (see [5]) that almost any condition that guarantees that a graph
has a Hamilton cycle actually guarantees a lot more about the cycle structure of the graph.

Borchert, Nicol and Oellermann [7] defined a graph G to be k-diameter bounded if diam(G) ≤ k. Thus a graph is
2-diameter bounded if and only if it is 1-P3-connected. It is shown in [7] that the Hamilton Cycle problem for locally
2-diameter bounded graphs with maximum degree at most 8 is NP-complete. Thus the K1,k+2-free requirement in
the hypothesis of Theorem 3 makes a significant difference to the cycle structure of the graphs under consideration.
However, the hypothesis of Theorem 3 is not unreasonably restrictive. It was also shown that there exist graphs
with arbitrarily large diameter that satisfy the hypothesis of Theorem 3. Indeed these graphs may have size linear
in their order.

Connections with other localization results and conjectures:

The closed neighbourhood N [v] of a vertex v in a graph G is the set N(v) ∪ {v}. If 〈N [v])〉 has property P for
every v ∈ V (G), we say G is closed locally P . We now discuss how Theorem 3 relates to localizations (in terms of
open and closed neighbourhoods) of the classic hamiltonicity theorems of Ore and Chvátal-Erdös.

Many of the current known conditions that guarantee that a graph has a Hamilton cycle are related in some way
or other to the hamiltonicity theorems of Ore [19] and Chvátal-Erdös [10], stated below.

Theorem 4 (Ore) If G is a graph of order n ≥ 3 such that d(u) + d(v) ≥ n for any pair u, v of nonadjacent vertices
in G, then G is hamiltonian.

Theorem 5 (Chvátal-Erdös) If G is a graph of order at least 3 with α(G) ≤ κ(G), then G is hamiltonian.

Graphs satisfying the hypotheses of Theorems 4 and 5 are called Ore graphs and Chvátal-Erdös graphs, respec-
tively.

Bondy [4] extended Ore’s Theorem as follows.

Theorem 6 (Bondy) If G is an Ore graph, then G is either pancyclic or is the complete bipartite graph Kn/2,n/2.

Bondy [3] also proved the following result, which shows that Ore graphs are also Chvátal-Erdös graphs.

Theorem 7 (Bondy) If G is a graph of order n ≥ 3 such that d(u) + d(v) ≥ n for any pair u, v of nonadjacent
vertices in G, then α(G) ≤ κ(G).

A graph G is called locally Ore if 〈N(v)〉 is an Ore graph for each v ∈ V (G).
A graph G is called locally Chvátal-Erdös if 〈N(v)〉 is a Chvátal-Erdös graph for each v ∈ V (G).
Closed locally Ore graphs and closed locally Chvátal-Erdös graphs are defined analogously, in terms of closed

neighbourhoods.
It is easily seen that if P stands for ‘Ore’, ‘Chvátal-Erdös’ or ‘hamiltonian’, then the condition that a graph be

locally P is slightly stronger than the condition that it be closed locally P.
Locally hamiltonian graphs are not necessarily hamiltonian. In fact, Pareek and Skupień [21] constructed a locally

hamiltonian graph of order 11 that is nonhamiltonian, and De Wet [12] showed that there exist nonhamiltonian locally
hamiltonian graphs of order n for every n ≥ 11. However, Hasratian and Khachatrian [14] proved that closed locally
Ore graphs are hamiltonian. Later, Asratian [2] extended this result as follows.
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Theorem 8 (Asratian) Every connected, closed locally Ore graph of order at least 3 is fully cycle extendable.

Saito [22] stated the following conjecture for closed locally Chvátal-Erdös graphs.

Conjecture 3 (Saito) Every connected, closed locally Chvátal-Erdös graph of order at least 3 is hamiltonian.

We also suggest the following slightly weaker conjecture.

Conjecture 4 Every connected, locally Chvátal-Erdös graph of order at least 3 is hamiltonian.

Conjectures 3 and 4 remain open, but Chen, Saito and Shan [9] made some progress towards settling Conjecture
3, by establishing the following result.

Theorem 9 (Chen, Saito and Shan) Every connected, closed locally Chvátal-Erdös graph has a 2-factor.

The local independence number of G, denoted by αL(G), is the maximum independence number of 〈N(v)〉 taken
over all v ∈ V (G).

The local connectivity of G, denoted by κL(G) is the minimum connectivity of 〈N(v)〉 taken over all v ∈ V (G).
Note that G is K1,m+1-free if and only if αL(G) ≤ m.

Conjectures 1 and 2 may be restated as follows:

Conjecture 1′ (Oberly-Sumner): If G is a connected graph of order at least 3 with αL(G) ≤ κL(G) + 1, then G is
hamiltonian.

Conjecture 2′ (Oberly-Sumner): If G is a connected graph of order at least 3 with αL(G) ≤ κL(G), then G is
hamiltonian.

Our main result (Theorem 3) may be restated as follows.

Theorem 3′

If G is a connected graph of order at least 3 such that αL(G) ≤ κP3

L (G) + 1, then G is fully cycle extendable.

We observe the following.

Proposition 1

1. If αL(G) ≤ κL(G) + 1, then G is closed locally Chvátal-Erdös.

2. If αL(G) ≤ κL(G), then G is locally Chvátal-Erdös.

The converses of the implications in Proposition 1 are not true. In fact, we showed that the difference between
the local independence number and the local connectivity of a locally Ore graph may be arbitrarily large. (Note
that Theorem 7 implies that locally Ore graphs are locally Chvátal-Erdös.) So locally Ore graphs do not necessarily
satisfy the hypothesis of Conjecture 1′ (and hence also not the hypothesis of Theorem 3).

We also constructed examples illustrating that graphs that satisfy αL(G) ≤ κP3

L (and hence also the hypothesis
of Theorem 3) are not necessarily closed locally Ore graphs. So Theorem 3′ does not imply and is not implied by
Theorem 8.

Acknowledgement: We wish to thank BIRS for affording us the opportunity to work collaboratively in a very
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