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A standard set of tools
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On Rd
and Riemannian manifolds, calculus is strongly based upon the concepts of:

- Sobolev function

- Elliptic operator

- Banach space
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It is unclear what any of this is in Lorentzian signature, where:

gM(v, v) := |v0|2 �
X

|vi|2 replaces gE(v, v) :=
X

|vi|2

⇤f = @00f �
X

i

@iif replaces �f :=
X

i

@iif
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On Rd
and Riemannian manifolds, calculus is strongly based upon the concepts of:

- Sobolev function

- Elliptic operator

- Banach space



A motivation: going towards non-smooth geometry
<latexit sha1_base64="JwIrgQlcnnOfzdwABfnpTYlW064="></latexit>

⇠40 years ago Gromov proposed to study how curvature a↵ects the shape of Riemannian manifolds
(also) via metric geometry. The program has been a success.

<latexit sha1_base64="3ex8/hWs3QO2BPvChOX2qVmUZjk="></latexit>

More recently, a similar program has been started for Lorentzian geometry.

<latexit sha1_base64="BOVHdjukNMAqNEO7T74nufOsSDM="></latexit>

Clear indications that some non-trivial geometry is in place are:

- The non-smooth version of the Hawking singularity theorem (Cavalletti-Mondino ’20)

- The non-smooth Lorentzian analogue of the Splitting theorem for Sectional� 0
(Beran-Ohanyan-Rott-Solis ’22)
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In the ‘elliptic’ case, lower Ricci bounds in the non-smooth setting are encoded via

- A “curvature-dimension condition” related to optimal transport (after Lott-Sturm-Villani

’05)

- “Infinitesimal Hilbertianity” related to Sobolev functions (after G. ’12)
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The worlds

Riemannian / 

Elliptic

Lorentzian / 

Hyperbolic



The flat case
<latexit sha1_base64="zirXOgJV9sTw9TU9rk5cVQNbVhc="></latexit>

Rd equipped with the Euclidean tensor gE(v, v) :=
X

v2i

the induced norm kvkE :=
p
gE(v, v) satisfies:

the triangle inequality kv + wkE  kvkE + kwkE
the Cauchy-Schwarz inequality |gE(v, w)|  kvkEkwkE
for any v, w 2 Rd

<latexit sha1_base64="3rG6z3yCIE1Ih0kUGr/D/xxQqM8="></latexit>

the unit ball is:

- compact

- convex

- of finite measure
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R1+d equipped with the Minkowskian tensor gM(v, v) := v20 �
X

v2i

the induced norm kvkM :=
p

gM(v, v) on F := {v : gM(v, v) � 0, v0 � 0} satisfies:
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the unit ball is:

- not compact

- not convex

- of infinite measure
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the reverse triangle inequality kv + wkM � kvkM + kwkM
the reverse Cauchy-Schwarz inequality gM(v, w) � kvkMkwkM
for any v, w 2 F
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The smooth curved case
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We assume completeness
<latexit sha1_base64="WQPESv1kPu0oLKAzVKfBq5V9Fxs="></latexit>

A Riemannian manifold has a Euclidean scalar product on each tangent space
Geodesics � are local minimizers of

R
k�̇tk dt

The formula
1
qd

q(x, y) := inf 1
q

Z 1

0
k�̇tkq dt,

the inf being among curves from x to y defines a function d : M2 ! R+

independent on q � 1 that satisfies

d(x, z)  d(x, y) + d(y, z)
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A Lorentzian manifold has a Minkowskian scalar product on each tangent space
Causal geodesics � are local maximizers of

R
k�̇tk dt

The formula
1
q `

q(x, y) := sup 1
q

Z 1

0
k�̇tkq dt,

the sup being among curves from x to y defines a function ` : M2 ! R+ [ {�1}
independent on q  1 that satisfies

`(x, z) � `(x, y) + `(y, z)

<latexit sha1_base64="cK7JMCpZC6sQr6xJBqNNNVFxDlk="></latexit>

We assume Global hyperbolocity, i.e.:
- time orientation
- no closed causal curves
- compactness of causal diamonds



The non-smooth case
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(Frechet 1906)
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A metric space (X, d) is a set equipped with a symmetric function d : X2 ! R+ satisfying

d(x, x) = 0 and d(x, z)  d(x, y) + d(y, z).

We assume (X, d) complete and separable
Balls {y : d(x, y) < r} generate a topology
d : X2 ! R+ is always continuous w.r.t. such topology.
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(Kunzinger-Sämann 2017)
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An hyperbolic metric space (X, `) is a set equipped with a function ` : X2 ! R+[{�1} satisfying

`(x, x) = 0 and `(x, z) � `(x, y) + `(y, z).
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` induces two partial orders via
<latexit sha1_base64="S1nbRAfm9PUAEVgxn/a/5LZC178="></latexit>

x  y , `(x, y) � 0 and x < y , `(x, y) > 0
<latexit sha1_base64="MxWorwR63DfEiFMbQT2jYpL6K7M="></latexit>

and the order > induces a topology that we assume Polish
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Convex energies
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f 7! |df | is convex

For p > 1 let up : R+ ! R be defined as up(z) :=
1
pz

p.

Then f 7! up(|df |) is convex and thus

f 7! Ep(f) :=

Z
up(|df |) dm is convex (and lsc)
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p > 1
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f : M ! R is a time function if it is monotone, i.e. x  y ) f(x)  f(y).
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p < 0
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For p < 1 let up : R+ ! R be defined as up(z) :=
1
pz
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Then f 7! up(|df |) is concave and thus

f 7! Ep(f) := �
Z

up(|df |) dm is convex (and lsc) on time functions



Subdifferential of convex energies
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Convex functionals admit
directional derivatives
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�
Z

g�pf := lim
"#0

Ep(f + "g)� Ep(f)

"
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In other words �pf := div(|df |p�2rgEf)
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These definitions only require |df |
and ‘thus’ can be performed
in metric measure spaces
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Otto-Villani

Sturm-Von Renesse

<latexit sha1_base64="l/A0JaAl9VzRoFcwYdh6Wk7HLlg="></latexit>

Theorem (G. ’12 - p = q = 2)
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for any ⇢ � 0 Lipschitz with bounded support.

Interpreted as: �pf  N .
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Theorem (BBCGMcCORS ’23)

Let (X, `,m) be TCDq(0, N), x̄ 2 X and f :=
1
q `

q
(x, ·).

Then

� lim
"#0

Ep(f + "g)� Ep(f)

"
 N

Z
⇢ dm

for any ⇢ � 0 such that f + ⇢ is a time function.

Interpreted as: ⇤pf  N .
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f 7! Ep(f) :=

8
<

:
�
ˆ
up(|df |) if f is time

+1 otherwise

that is convex and lsc
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A case for Riemannian Lorentzian Hamiltonian geometry
After Agrachev ’97, Ohta ’13
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+1, otherwise
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Such RicH satisfies the non-linear Bochner-Ohta identity:

�@t(�
H
ft(�t))|t=0 = kHessHfk2
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0
t
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ft(�t).
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<latexit sha1_base64="6o6HWMQVyoj0EqaqtKUOkluuohw="></latexit>

Ricci curvature along every/future direction can be read in terms of a suitably defined RicH

<latexit sha1_base64="xMKI51MFotYa0UmHQgGhgWcwHJA="></latexit>

p-Laplacian/p-d’Alambertian is nothing but �Hf := div(rHf)

<latexit sha1_base64="Zex62QXWsl0PLEoOgJ4t+bwU+xQ="></latexit>

H(p) := 1
p |p|

p
E

<latexit sha1_base64="Zs1MYKESNIOBz0qNn4B63yQMQVg="></latexit>

H(p) :=

⇢
� 1

p |p|
p
M, p 2 F

+1, otherwise



An example: the splitting theorem (statement)
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Then M ⇠ R⇥E N for some Riemannian manifold N with RicN � 0.
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Lapl.comp.)

⇢
�b+  0
�b� � 0

strong max.pr.) b+ = b�
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• a vector space B together with
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k↵v + �wk  |↵|kvk+ |�|kwk for any ↵,� 2 R, v, w 2 B.
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• Order complete, where v  w i↵ there is z 2 B such that v + z = w.



Cauchy vs Dedekind
<latexit sha1_base64="o/1bBoeg3uVkAQqzX75X3jBcr04="></latexit>

A Banach space is :

• a vector space B together with

• a norm, i.e. a map k · k : B ! R+ such that

k↵v + �wk  |↵|kvk+ |�|kwk for any ↵,� 2 R, v, w 2 B.
<latexit sha1_base64="tsT7hr4DNPay4VGKgjSRxh4q6VM="></latexit>

• Complete, i.e. Cauchy sequences admit limits.

<latexit sha1_base64="0NzpdDZ/NNo7/rtFDTa+ZzW4X1k=">AAADVnicbZLNbtNAFIWnDqUl/KWwg82IBFE2kR2gsKwACZalIm2kOIrG4+tmlPnTzLglWJZ4GrbwOPAyiLHrRePkSpaO7nePjub6Jpoz68Lw707QubV7e2//TvfuvfsPHvYOHp1ZlRsKY6q4MpOEWOBMwtgxx2GiDRCRcDhPlh8qfn4JxjIlv7qVhpkgF5JljBLnW/PekyJOMvwRMiZZ1Snx4achfjF69bI77/XDYVgX3hRRI/ qoqZP5QTCIU0VzAdJRTqydRqF2s4IYxyiHshvnFjShS3IBUy8lEWBnRf2IEj/3nRRnyvhPOlx3bzoKIqxdicRPCuIWts2q5jY2zV32blYwqXMHkl4HZTnHTuFqIzhlBqjjKy8INX4LFNMFMYQ6v7f1lNdXLIUSd2MJV1QJQWRaxKdlEVepSYJPy3U0KYsiNgJPyhawWVohm+G0jaDxQBtozSokEvXN/zTF0yp0EGs2KNujQtSTnmeGLLGouIGbE2mTshFPCNcLsi2oBptZtu2wfonaWfYdtpqru4raV7QpzkbD6Gj45suof/y+ubB99BQ9Q4coQm/RMfqMTtAYUfQD/US/0O/gT/Cvs9vZux4NdhrPY7RWnd5/nUsZzg==</latexit>

Definition (G. ’23)
<latexit sha1_base64="yIcA6fU+AzQlXMksOBPLopII5iw="></latexit>

An Hyperbolic Banach space is:

• a cone B (linear combinations only with coe�cients � 0) together with

• an hyperbolic norm, i.e. a map k · k : B ! R+ such that

k↵v + �wk � ↵kvk+ �kwk for any ↵,� 2 R+, v, w 2 B.
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