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There are Many  fypes OF algebras that anse o generakizanons of
Cluswr  Qlgebrds.

LP algebras are ore Judn gencralizahion, wree ne hallnark  Dinomial
exdnange  fe\a+ons o odinony Cluses alogoras G eplaced by rreducible

polyno NMA\S



Why stdy LP algebras?

. Sone iniefesing  (oMbinatonal recudrentes U as extnange reiabons  of
LP aloebras, induding the OGale- Robinion sesuente , the Somos  SeQuUen®s (n=3),

ond Hhe cube Tecucrence.

* Somve LP qlg€oras onse norurally ai oodinate Nngs of electrical Lie groups.

+ Obrexr generalizotions OF cluger algebras, live  Crekhov - Snapo  alsgbias
Oppeax 05 SpEUiON KNS, '

. Gome of tre Stucurol featues of  duser algeras exierd ‘o P
algebras, including the  Lawent Pheno Menon,

A notwal GUEshon: What can Wk say doodt  Psitwity ?




Groph LP a\gebras ~ are a Swbaays OF LP algebras  with a nice tombinadonod
defininon n varms  OF graphs.

I€ we Want Yo eventually +nink obour  positniny  for  LP algebras we
Mignt Start by Studying  Graph LP algebras Wwhere we can toke
advantoge Of s mMore (oncere  Sruckure.

To detine Grapn LP  algeobras well need descrptions of :

« CIMSYr vanables
o C\\\Sexs

- exthange re\avons



Gwen a siMPe graph G With Verntes labeled 0y (nl= %\ .0t
We can define the auser vanobles in s of nesed collecrions of

verex  SWOSRAS
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Gwen a siMPe graph G With Verntes labeled 0y (nl= %\ .0t
We can define the auser vanobles in s of nesed collecrions of

vere kX  SUDSRAS.
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o\l of these are valia nested (O\ections



Guen a graph 1 wirn vervices laweled by [n] ean wnneucd
veriex Subsey L eV () c,oncs?onds 40 a ousrer \Nonadble Yt
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Guen a graph 1 wirn vervices laweled by [n] ean wnneucd
veriex Subsey L eV () c,oncs?onds 40 a ousrer \Nonadble Yt

For eaun ¢ [r\] Arere s 0N addironal Quses \anable Xi

EX\ .

Tn genecal, *re ollecron of G\l ausier yanades o U is
{x‘}ie[n] v g_\(z’- Ten (,or\neued}



A ooph M wirh N verhiees has clusiess OF Size 0 of tre form

Xy X § 03 Y50 583

Examples & Non - Examples O mMmaximal nesied (ollections:

X maxima | maxima\
on Qz‘gji on ?‘\1131"‘§



Rooted Clustes

Given o tee ' Choowe o oot V.

We on ¥k D oas @ postk, Wi N as R maxwnal - eereny and
Covor Telations Qien by 4ve  edaes of 1



v . . )
Let "T - = {c\eqmq\-\s = % n e PORi with Maxitmal element ‘\l}

waeue ookl ousier € T.
Then eath v CorespordS Yo a \ \J § w%m[n]

N
\Ne'\l oftan abocexiate -I_‘_x 0s  just Ix.



Rooted Sets

A set S is rooted Wih respect Yo a maximnal Nested Collection U i€
Here exists Some NeES sudh har fpc ol §,1€ S,

Yre path fom i Yo v
passes ‘nwugn
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Rooted Sets

A set S is rooted Wih respect Yo a maximnal Nested Collection U i€
Here exists Some NeES sudh har fpc ol §,1€ S,

Yre path fom i Yo v
passes ‘nwugn

Ti<¢cl, e

? 1
Otrer dusws Moy Nave some

gers Hos ore Tooked LO\WN  respeck
fo e and SOMe Yok Gre OO

| \S
3 gz,q.si is Not rooled win espet o €.



To define a Giaph P algebta ur olso need Some defwition of an
exctnange relaion.

In facr, +here Gre qwo types O  exthange telovkons

1) We Can extnande X with Tgg, fr ¢S & @i« wmposbe Win 2

IZ. I?—
A\ s A\
/ 1=y /

./ S=$113% AR

)3 _
S®i= 92348 ,
€ =33 Ye , iz, % € =35 Y , Xiz3, 75




To define a Giaph P algebta ur olso need Some defwition of an
exctnange relaion.

In facr, +here Gre qwo types O  exthange telovkons

2)We can extnande Ys@i With Xsg@; for ¢S ond iFj,
SO\ & mpkbe Win 3\ % 80t

<2
2 =1 2
I $= 9%% !
1 < \( 1
/ S®i= 323
H/ )3 S®j- 31,38 q/ o3

€= % Vs, i, Yas, Xu % €= 3, ., e, Xa %



Tre Qrcc\ge emn%c felaviongy Qe NIMe Noration Yhar wewe Oor
going ‘o define,

Howener T will \ndlude Hrem  jusk N Case \oure ANOUS:

Lemma © (Lam- Pylyanskyy, 206)
i\ Péx"\ + 2 P;AJ
Xi Yo@i = ¢S jesi o i ¢S
Yso

- Y (X \( * (P’\j .
YS@\ Ys@;; e - > o
\\’sei\(sej

U OLjES amd i




“The &ony %0 far. .

Given G Swnple gragn 7 witn  vermes lobeled by [n] the assotored  Grapn LP
Olgebya is defined over the grownd nng Z (A, ., An)] 6rd We how fthe Aithonary -

Vertex 1 of M > ousker vanabe Xi
connetied  SUbSEt — Y
s
S e V(M

G Nesked wollection  &——) 0 dusier  §¥a,., Xu §93 Y 5¢.8%

of venex SUSAS

exchange — X for \\/s(-b’\

rexahons
Ysm & Yso

( 0s dexsibed)



Conjetiure (LM - Pyigvaskyy, 20\0)

Eveny Clusier vonable of Ap Can be LAWN 4GS o Laucerw  polynomial
wwh  positive  (effidents In derms ofF any  Ausker.

Natwal Question: What tools (ouwld we U 10 approach this tonecrure®

Ore dea - May e Wt don Araw on e okservation
made by Lam ond Pylyuaskyy, ¥or A, can
be identhfied With fhe ordinany Cusker algebra

of +yoe An-




\Hewes tre basic deo:
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Ocene: Awns on the surfae tmax osent (ompasible Wtn e

-

w [ 4
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w

driongal oFon  Corfespond To INOMPAKIDE  VRXeX SUDSRIS of 1




For cluser aldebras o type An there are Many OMbIOATORAL  Qodop:ts
that (an be Used +o prive  POSITItY.

2 S “ T-pashs

, fi .7
/ /) 1 * b Hypexr T-paths Goc
: s \ / Rooted Clustexs:
\ 7 b OrXiv 2103 \4785

1 b' \ l Y3 N Snake vam..

Y3

AL

Snake Graphs for Grapgn LP Algebras: Tn progress




“The Only faing IT'M  going Yo Say albowk T-poshs s Frar ue proved

~Theorem: ( Banaian - Cnepun - K. - Zinang, 201)
let M e o fee ond € ra fowd Ouser on [V
T¢ SN (M) is wnreded, then

\(3= i.‘ wt(oc)

whee e sum s over Complee hyper T-parns & for S,

C orollany: (Ranaian- Crepuri- K.- Znang, 2021)
for any S¢ N(™M. Ye Can bte Wnken as a Losurent
poldnomial wWikn Positive Leflievs tn Yorms of any
Tooted Qwsier € .

and it Yyowd like 1o Know MOte, you Can 00K GF  GrXiN210%.14185 |



Snoke OGraphs

Eaun c,mss\r\g of & v enwded by a sauare Hle:

./
AN

/ ‘ Y23



Snoke OGraphs

Eaun c,mss\r\g of & v enwded by a sauare Hle:

v
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Snoke O6raphs

Eadn c,mss*\nq of & v enwded by a squore Hle:

X3
Yoz ® Yas = | Yz ‘

6 Y, Y

1 b’ We ten glue Tiles  fogetner, Using alenaring
Hle onentotions 0 tre order & e CRRSINQS
of v.



Theorem: ( Musices - Scriier - Wilkiams, 2011)

Consider o Surfae Witnh “monguwoson | end ¥ ¢ T
ler Ozt & e Srake Qrapn (orespording Yo ¥ “Then

|
AT T os (T ? x (P)

where  {he sum runs over perfecss masonings of O,

S X3 Xa

“E] OE T

Y| \(l \n

]]

\(2 A [Yn.s * Y3 + \fa.:l



For tne wmst Of 4he +alK, well (onsder trees. Now vervex  Subsers May
mote +¥an fwo Negnuers ond uwe an hawe nygeredges i

1/ 1/

have



Why trees ?

We can toke <oe inspiration fom +re porn ofaph...

Ler's conshue Gy  for ¥nis  Quster,

We 0Ooose 60N wnompanble Neighboing  sex \(\,_,
and o Verex 2 n that &k Yhat's adjocent ‘o W

Let

2 :=) \eaves 1 of 0 sudh Ahar o q} = {1.’ 3:}
passes Yheough 2.

E:= ia\\ otrer \eaves of T"} = §v}



Then \ook o the collection of path qrapns Pij whee ie®=315% ond
jeE= 94t ond consrucr  (ofresponding Fangulated  polggons T
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Then \ook o the collection of path qrapns Pij whee ie®=315% ond
jeE= 59t ond comstrucr  (ofresponding Yrongulated poyggons iy,
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Then \ook o the collection of path qrapns Pij whee ie®=315% ond
jeE= 94t ond consrucr  (ofresponding Fangulated  polggons T
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3 U
4 4
' ' i Yoy
3 Yy 4 1




Then ook ar the collecion of porin  graphns Pi,y, wee 1eB=%355 ond
je E= 4t and consrucr  (ofresponding ongulated polygons T,

B

3
3 a3y

We ¥ren  (ONShct

rX

i

"
1

ql

|

2
§ |
ql
Y* Yazy
ll

omponent Snake graghs as usual
ond glue trem Yo obtain the Composite Snake gragh, G,

Y

2 Y 2

‘ /\Y.

33 3

1' = ‘1.
1 x N, 1
Yoy Yo /

Y Y ——y




\When wWe denwify wo vertites Win e Some lobel dnor hove diffeent edges
in the Ssome direcrion, 1ot Vertex picks Up 6

A vertex With K “+“g is allowed ‘o Nove valenty amjwvee fom 4 +o k-1
v —2 2_ vV —2
/| ; /|
3= 3 3‘-—————'3 33 ’

\
and wWe getr e expansion \r"l = \(‘7_\(‘13[ Y‘Z + Y, Yn&*Y\zu]



To see e Other posside type of Vvalensy feSUwrEENt \n tre (omposite Snoke
groph, Wwell 00K GF ONoYrer CusYer

4 Let's (onstmuck Ga.
Choose \omparibie neighber A4 so 8320 % €= 33,48

A

6 = g.Y"‘. \(3, Yt, \(u‘s‘{} 3 sy N

* 3 2 M
i Y

Yu “
1 e = | 3 1’ ri— "

= ‘ ~

R ] ‘ N
S ~




Y. YI \(\ J/ q’
Yy , Y2y - , :(_IEH_L ’
1 :s~ ““3 @ <8 :x\ | 4 - 1\ 3
\\1 \ \\:l \\\’\
SO l N M
s s 1 S
i 2 1 2

When We dentify fuo \errices Win the Some \akel « ¥nok ace Wnodenr ‘o
different AlagoNAls I ¥ Way, We  decorale  fhat  Veriex Wi L,

whee L i the number ofF neigneors of 1 Ti

lI

q'3'

Hee, T,= 2\,2,34%
L=3



Lemma © (Banaian - Crepun - K. - Zhang, 2022)
Let U be ang moxial nesed olletion on o tree T
Then for any e N (),

Wrere 2(61) is tre producr of tre diagonal \ake\s of 6
ond the summarion v oNer g\l allowed maschings .



NCM—, we would \ike o Constuck Gs, whece S+ 35, ..,5%5 1y & Connected
veskek SUbsew,

One SHaegy for  onstutnng NMs 15 to (onsuet and  gue Yogether
e Singleton Snoke  grophns  Gs,,.., Gse.
Ore he\pfu\ fack -

Propostion” ( Banaian- Crepun- K.- 2vrang, 2022+)
TIC j (5 a oeighbor of i, ten G NtANS O UnidUe edge i—j.




Tn our fwsr example,
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Tn our fwsr example,
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Tn our fwsr example,

) 2.
\*I q
A
1 1 \\;(, 3
qu / \\ \
1 APy
G‘-( Gz_

which we  glue fogriner  olong the 2-4 edge:
1=-—21

=
y' 3 RS \
"




Tn oW sewnd example, Wnot 1§ we wWonted Yo Lorsvuey Gy oy ?

"t
Z Now, Ya i already

2
v /L W OUr Cluster SO We Con

ALY really ConsHeues 6o’
\\\\(‘

N

N

1 !

Ga

Toswead, We: - remMoNe ¥ne diagonal Y, and  exeryining on e Y goposve”
side of W fromn e nternal edoge \fx,_ = \(\uw,

* fedwe tre Nialence 0F tne veryex 2 ynavr was
intGident Yo tre diagonal i oy Ore.
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intident Yo tre diagonal i oy Ore.



Tn oW sewnd example, Wnot 1§ we wWonted Yo Lorsvuey Gy oy ?

Toswead, We: - remMoNe ¥ne diagonal Y, and  exeryining on e Y goposve”
side of W fromn e nternal edoge \fx,_ = \(\uq,

* fedwe tre Nialence 0F tne veryex 2 ynavr was
intGident Yo tre diagonal i oy Ore.



Tieorem: (Banaian - Onepuri- K. - Znang, 2022*)
For ony MMl Nested lleckion X ond  rooved  sox S,

Y = L(‘Gs) 7 we(?)

P
where Gs s fhe Snake graph Obtainecd ‘o4 g\aing.

Coro\\omj . (®anaian - Cnepuri - K. = Znang 20°02")

For ony mMaxital Nesied  Colection X and  Yooved
sey §, W5 an e expressed 08 o Laurent
poignomial X with  positve  CoefRiients.




\Woapping up loose ends..

TIn general, We KnowW how 4o*°
. Glue Gi ond Gy When | is tre only veikx Yot coves | o P

- “Adon' sets fom T
TIn  progress:

. Gluing for uxakyy rooed sess (ard ‘oeyord?)

. Anobner metnod OF ConstMching Gs (" guwng 5\*\@\@3")



/rhom ksl

(ard  HAPPY BELATEO 60" BIRTHOAY
fo Professor Bernard Leclere! )



excnange ce\aron
AP\)CQC\\X nosahron



The actual exdnange felarions reauve a \itle bu More NoyGxion
to stase.

Let S = %50\%

S®i e ire (onreded Lomponent OF  Si LONrAINING |
Soi = 9\ (sei)

3
®

2 .



The actual exdnange felarions reauve a \itle bu More NoyGxion
to stase.

Let S = %SU\%

S®i e ire (onreded Lomponent OF  Si LONrAINING |
Soi = 9\ (sei)

3
®
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The actual exdnange felarions reauve a \itle bu More NoyGxion
to stase.
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S®i e ire (onreded Lomponent OF  Si LONrAINING |
Soi = 9\ (sei)
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The actual exdnange felarions reauve a \itle bu More NoyGxion
to stase.
let S\ = %, 50\%

S®i e ire (onreded Lomponent OF  Si LONrAINING |
Soi = 9\ (sei)

3
1Loe @ ® 5
i=Y4
S=%\.,5,65%
Si= 3\wsek
2 ¢ &

Yy l” SOi= 3%



i verxx Non- fepearing parhs fom | oy Wrose
intecrediate  verties o W S

Let \)2
—Trhen define P

X\

— &
eX 2
S=9,23u4% 3,6

Pi\.z,a,q} ) Y"- v 1



