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© Generalized shift spaces
@ Countable Markov Shifts and Exel-Laca Algebras
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Main references

- Video of Ruy Exel's talk at the youtube channel of ICM 2018.
For those who want to see more algebraic aspects of the results:
groupoids, equivalence relations, C*-algebras...
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Countable Markov Shifts

- Alphabet N.
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Countable Markov Shifts

- Alphabet N.
- An irreducible transition matrix A (A(i,j) € {0,1}).
- The Countable Markov shift ¥ 4, in general, is not locally compact.

Generalized = Locally compact version of ¥ 4, denoted by Xj4:
@ X4 locally compact polish space. (in many cases compact)
@ 2 5 is dense in Xj4.

@ Ya = Xa\X4 is a set of finite words of the shift, it is also dense in
Xa. (empty words are possible)

@ When X 4 is locally compact, then X4 = Xj4.
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Figure: The Renewal shift X 4
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The generalized renewal shift X,

Xa=2XAaU Yy
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The generalized renewal shift X,

Xa=2aUYy
Ya = {finite words ending in 1} U {&}, where & is the empty word.

1 i i i1
12 12 12 12
i3 —» iz —> i3 —» 3 —>
is ia Ja ia
1 . 1 . 1 . 1 .
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Main reference:

- R. Exel and M. Laca, Cuntz-krieger algebras for infinite matrices. J.
Reine Angew. Math., 512, 119-172, (1999).
Partial isometries satisfiyng:
(EL1) S'S; and 5;'Sj commute for every /,j € N;
(EL2) SfSj=0 Whenever i #J;
(EL3) (5/Si)S;j = A(i,j)Sj for all i,j € N;
(EL4)

EL4) for every pair X, Y of finite subsets of N such that the quantity

AX Y)Y =TT ACGH TT (- Ay.)j €N

xeX yey

is non-zero only for a finite number of j's, we have

<H 5:5X) [Ta-55)] =D AKX, Y.)SS;

xeX yey JEN
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Exel-Laca algebras

For each s € N, consider the following operators on B(£2(Z,)),

Osx If A(s,x0) =1, . Og(x) If ,
Ts(éx) _ sx | (S Xo) with TS*((SX) _ ) ! X.E [S]
0 otherwise; 0 otherwise,

where {64 }xex, is the canonical basis.
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Exel-Laca algebras

For each s € N, consider the following operators on B(£2(Z,)),

X f A 5 == 1, . o(x f 9
To(6) = Osx i (s X0) with  T(6,) = o) 1 x.e [s]
0 otherwise; 0 otherwise,

where {64 }xex, is the canonical basis.

Definition (Exel-Laca algebra)

The Exel-Laca algebra O4 is the subalgebra of 5A which is the unital
C*-algebra generated by the partial isometries Ts, s € N.

There exists a collection of projections indexed by the free group generated
by N: eg := TgT;, g € Fy reduced word.

These elements commute each other.
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© Generalized shift spaces

@ X, - the candidate to replace X
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Consider Dy := C*({ez : g € Fn}) the commutative unital C*-subalgebra
of O4 generated by the projections.

Definition
Given an irreducible transition matrix A on the alphabet N, define the sets

Xa :=specD, and )?A E= specZSA

where the second one is only considered in the case that O4 is non-unital.
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Consider Dy := C*({ez : g € Fn}) the commutative unital C*-subalgebra
of O4 generated by the projections.

Definition

Given an irreducible transition matrix A on the alphabet N, define the sets
Xa :=specD, and )?A E= specZSA

where the second one is only considered in the case that O4 is non-unital.

On the weak™ topology it is well known that X, is at least locally
compact and that X, is always compact. N
Gelfand's Theorem = D4 := Cp(Xa) and Da := C(Xa)
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Consider Dy := C*({ez : g € Fn}) the commutative unital C*-subalgebra
of O4 generated by the projections.

Definition

Given an irreducible transition matrix A on the alphabet N, define the sets
Xa :=specD, and )?A E= specZSA

where the second one is only considered in the case that O4 is non-unital.

On the weak™ topology it is well known that X, is at least locally
compact and that X, is always compact. N

Gelfand's Theorem = D4 := Cp(Xa) and Da := C(Xa)

When we have finite number of symbols we have Dy := C(X4).
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Consider Dy := C*({ez : g € Fn}) the commutative unital C*-subalgebra
of O4 generated by the projections.

Definition

Given an irreducible transition matrix A on the alphabet N, define the sets
Xa :=specD, and )?A E= specZSA

where the second one is only considered in the case that O4 is non-unital.

On the weak* topology it is well known that X, is at least locally
compact and that )~<A is always compact. N

Gelfand's Theorem = D4 := Co(Xa) and Da := C(Xa)

When we have finite number of symbols we have Dy := C(X4).

Xy is a locally compact version of ¥ 4.

Actually, when X 4 is locally compact we have X4 = X 4.

Rodrigo Bissacot - (IME-USP) (University of Thermodynamic Formalism on Generalized M



XA - {07 1}]F = {Oa 1}FN

Alx,y) =1 Alx,y) =0

Figure: The black dots represents that the configuration £ is filled.
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€€ {0,1}F: ¢ =1, ¢ connected,
if £, = 1, then there exists at most one y € Ns.t. &,, =1,
ifé&o=E&y =1 yeN thenforall x e N ({1 =1 < A(x,y)=1)
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© Generalized shift spaces

@ Renewal Shift
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The set Yj4: finite words on the Renewal shift

0./@‘99 &—6—0

Rodrigo Bissacot - (IME-USP) (University of Thermodynamic Formalism on Generalized M



The set Yj4: finite words on the Renewal shift

0./@‘99 &—6—0

I _ i i ] i1
12 12 12 12
i3 — i3 —> 3 — 3 = .
Ja Ja 14 4
1 . 1 . 1 . 1 .

Finite words ending with the symbol 1 are the elements of Y, for the
renewal shift.
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The empty word on the Renewal shift
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The empty word on the Renewal shift

1 6
1 5
2 1
1 1 3 4
1
2
2 1
3 1-1p-17-1
2 1 9 1
1 2
1712711121
1 3 1 3
2 1
2 1 3 1
2
1
4 1
1 3 1 3 1 2 :
1712711127131
1 2 1 4
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Thermodynamic Formalism

- The shift map o is partially defined on X4, we can not apply the shift on
empty words.
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Thermodynamic Formalism

- The shift map o is partially defined on X4, we can not apply the shift on
empty words.

- Let U C Xy the open set of non-empty words, including infinite words of
> A and the finite words of Yj.
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Thermodynamic Formalism

- The shift map o is partially defined on X4, we can not apply the shift on
empty words.

- Let U C Xy the open set of non-empty words, including infinite words of
> A and the finite words of Yj.

- The dynamics will be given by the shift map o : U C X4 — Xa.
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Thermodynamic Formalism

- The shift map o is partially defined on X4, we can not apply the shift on
empty words.

- Let U C Xy the open set of non-empty words, including infinite words of
> A and the finite words of Yj.

- The dynamics will be given by the shift map o : U C X4 — Xa.

- We will assume the potential F : U C— R at least continuous.
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Generalizations

Definition (Ruelle transformation)

For a given continuous potential F : U — R and inverse of the
temperature 3 > 0, the Ruelle transformation L_gF is given by

L_ﬁF : CC(U) — CC(X),
fros Lgr(F)(x):= Y e FOIf(y).

x=a(y)
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Generalizations

Definition (Eigenmeasure associated to the Ruelle Transformation)

Given the Borel g-algebra B on X, o : U — X the shift map, F: U — R a
continuous potential and 8 > 0. A measure p on B is said to be a
eigenmeasure associated with the Ruelle transformation L_gr when

/ L_pr(F)(x)du(x) = / F(x)du(x), (1)
X U

for all f € C.(U).
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Generalizations

Definition (Conformal measure - Denker-Urbariski)

Let (X,F) be a measurable space, o0 : U C X — X a measurable
endomorphism and D : U — [0, 00) also measurable. A set A C U is called
special if A€ F and oa =0 [a: A — o(A) is injective. A measure i in X
is said to be D-conformal in the sense of Denker-Urbariski if

p(o(4)) = [ D, 2)

for all special sets A.
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Generalizations

Definition (Conformal measure - Denker-Urbariski)

Let (X,F) be a measurable space, o0 : U C X — X a measurable
endomorphism and D : U — [0, 00) also measurable. A set A C U is called
special if A€ F and oa =0 [a: A — o(A) is injective. A measure i in X
is said to be D-conformal in the sense of Denker-Urbariski if

p(o(4)) = [ D, 2)

for all special sets A.

v

As an example, in the Markov shifts, a Borel set contained in a cylinder set
is special.
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Conformal measures in the sense of Sarig

Definition

Let X be a locally compact Hausdorff and second countable topological
space. Let o : U C X — X a local homeomorphism. Given a borel
measure i on X we define the measure ;1 © o on U by

k@ o(E) =Y u(o(E)).
ieEN

For all measurable E C U, where the E; are pairwise disjoint measurable
sets such that o | E; is injective, for each i, and E = LJ;E;.
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Conformal measures in the sense of Sarig

Definition

Let X be a locally compact Hausdorff and second countable topological
space. Let o : U C X — X a local homeomorphism. Given a borel
measure i on X we define the measure ;1 © o on U by

k@ o(E) =Y u(o(E)).
ieEN

For all measurable E C U, where the E; are pairwise disjoint measurable
sets such that o | E; is injective, for each i, and E = LJ;E;.

The measure p © o is well defined since there always exists at least one
family of E;'s. Moreover, the definition independs of the choice of the E;'s.
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Conformal measures in the sense of Sarig

Definition (Conformal measure - Sarig)

A measure p in X is called (5F, \)-conformal in the sense of Sarig if there
exists A > 0 such that

(x)=xe PP xe .

When we are in the standard thermodynamic formalism X4 = X 4 and the
potential is regular enough, A = eP6(5F) where P¢ () is the Gurevich’s
pressure of the potential (.

Rodrigo Bissacot - (IME-USP) (University of Thermodynamic Formalism on Generalized M



The equivalences of conformality notions

Theorem (R. B., R. Exel, R. Frausino, T. Raszeja - 2019+)

Let X be locally compact, Hausdorff and second countable space, U C X
open and o : U — X a local homeomorphism. Let u be a finite measure
on the Borel sets of X. For a given continuous potential F : U — R, the
following are equivalent:

(i) w is e*F-conformal measure in the sense of Denker-Urbariski;

(/i) w is an eigenmeasure (fix point) associated to the Ruelle
transformation L_gF;

(iif) p is (—BF,1)-conformal in the sense of Sarig.
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Phase Transitions

Some results for the classical case and the standard symbolic space:

Theorem (Sarig - CMP - 2001)

Let X 5 be the renewal shift and let F : ¥4 — R be a weakly Holder
continuous function such that sup F < oo.
Then there exists 0 < . < oo such that:
(i) For0 < B < fc, there exists a (—(F, eP(®F)) conformal measure in
the sense of Sarig.

(i) For B < B, there is no (—BF,e”(PF)) conformal measures in the
sense of Sarig.
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Phase Transitions

Volume-Type phase transitions:

Theorem (RB, E.R. Beltran, E.O. Endo, 2019+)

Let > 5 be the renewal shift and let F : ¥4 — R be a weakly Holder
continuous function such that sup F < co. For 3 > 0, consider vg be the
eigenmeasure associated to the potemiia/ BF. Let . € (0,+0o0] from the
previous theorem. Then, there exists . € (0, Bc| such that:

(i) For0 < B < fc, vg is finite.

(ii) For Be < B < Be, vg is infinite.

Ps(B¢)

BC:SUP BE(O,BC]:limsup%Zgb('yj)< 5
n—o0 =

where v, = (j,j — 1,/ —2,...,1).
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There are examples where 8. < ¢ and B¢ = 8.
C~onsider the constant potential ¢ = c with ¢ € R. It is easy to see
Be = Be = +o00. When ¢(x) = xo — x1, we have . = log2 and 5. = +oc.

Let X 5 be the renewal shift and let F : ¥4 — R be a weakly Holder
continuous function such that sup F < co. For 0 < 8 small enough the
eigenmeasure is finite.
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Warning! Differences between renewal shift and reversal

renewal shift:

6)'91696 Ot

Xa # X a, we have finite words on X4 and the eigenmeasure (in the
standard formalism) is finite 8 > 0 small enough.

6’?@@@ O

Xa = X4 and the eigenmeasure can be infinite for every 8 > 0.
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Phase Transitions on Generalized Shift Spaces

Theorem (RB, R. Exel, R. Frausino, T. Raszeja - 2019+)

Consider the space X, associate with the renewal shift and potential
F: Xa\ {€°} — R in the form

F(w) = Bf(wo),

where 3 > 0 is the inverse of the temperature and f : X5 \ {¢°} — R
depends on the first coordinate. Suppose that f is bounded and a
non-negative function on X \ {£°}. We let M > 0 be a lower bound. We
have the results:

(i) Ifg > I°Ag/,2, there exists a unique e’f-conformal measure g that
vanishes in ¥_ 4.

(i) IfFB < ”'?ﬁ2 there are no e’f-conformal measures that vanish in ¥ 4.
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Phase Transitions

Corolary (RB, R. Exel, R. Frausino, T. Raszeja - 2019+)

Let f = 1. Then, for the constant 5. = log 2, the result follows:

(1) For 8 > f3c we have a unique e®-conformal probability measure that
vanishes on ¥ 4.

(2) For B < B there is no e®- conformal probability measure that
vanishes on L .
(3) ﬁlin% pg = pa. (weak convergence) where 5, lives on X4 and it is a
—Pc
conformal measure in the classical framework.
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Phase Transitions

Corolary (RB, R. Exel, R. Frausino, T. Raszeja - 2019+)

Let f = 1. Then, for the constant 5. = log 2, the result follows:

(1) For 8 > f3c we have a unique e®-conformal probability measure that
vanishes on ¥ 4.

(2) For B < B there is no e®- conformal probability measure that
vanishes on L .
(3) ﬁlin% pg = pa. (weak convergence) where 5, lives on X4 and it is a
—Pc
conformal measure in the classical framework.

pp.Ja] = 2711 where o is a word ending in 1.
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Pressure(s)

M. Denker and M. Yuri (2015) + M. Denker and M. Urbanski (1991)
Pressure for Iterated Function Systems - (IFS)
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Pressure(s)

M. Denker and M. Yuri (2015) + M. Denker and M. Urbanski (1991)
Pressure for Iterated Function Systems - (IFS)

Given a point in x € X, and F : U — R we define:

Zn(F,x) = Z e>rFly)

a"(y)=x
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Pressure(s)

M. Denker and M. Yuri (2015) + M. Denker and M. Urbanski (1991)
Pressure for Iterated Function Systems - (IFS)

Given a point in x € X, and F : U — R we define:
Zn(F,x) = Z e>F)
a"(y)=x

Pressure of F at a point x € X4 (can be a finite word)

1
P(F,x) := limsup . log(Zn(F, x)),

n—o0
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Pressure(s)

Theorem (M. Denker and M. Yuri)

Let X4 be compact, F : U — R a continuous potential such that the
Ruelle operator Lg is well defined. Suppose there exists a x € Xa such

that P(F,x) < oo then there exists an eigenmeasure (probability) m for
Lr with eigenvalue eP(FX).
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Pressure(s)

Theorem (M. Denker and M. Yuri)

Let X4 be compact, F : U — R a continuous potential such that the
Ruelle operator Lg is well defined. Suppose there exists a x € Xa such
that P(F,x) < oo then there exists an eigenmeasure (probability) m for
Lr with eigenvalue eP(FX).

Example: F: U — R
F(x) = log(xo) — log(xo + 1), well defined on all x € U.
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Pressure(s)

Theorem (M. Denker and M. Yuri)

Let X4 be compact, F : U — R a continuous potential such that the
Ruelle operator Lg is well defined. Suppose there exists a x € Xa such
that P(F,x) < oo then there exists an eigenmeasure (probability) m for
Lr with eigenvalue eP(FX).

Example: F: U — R
F(x) = log(xo) — log(xo + 1), well defined on all x € U.
Take x = 1&p, then P(5F,x) = Pg(8F) < oo for every > 0 and:
@ There exists a probability mg such that L;Fmg = ePG(ﬁF)mB V5 > 0.

e By O. Sarig there exists . € (1,2) such that for § > (3. there is no
eigenmeasure which comes from the standard RPF theorem.
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Technical slides

In addition, define projection operator Qs := T T, given by

0.(6,) — {5w i w e o([s]):
0 otherwise.
Consider the free group F = Fy and the map
T:Fy— 6,4,
s— T,
sl T = TE
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Technical slides

In addition, define projection operator Qs := T T, given by

dw if w € a([s]);

s 50.} =
Qs(0.) {0 otherwise.

Consider the free group F = Fy and the map

T: FN — 6,4,
s— T,
sl T = TE

Also, for any word g in IF, take its reduced form g = xy...x, and define
that T realizes the mapping

g Tg =Ty Tk,

and that T, = 1.
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Technical slides

Consider the projections

eg = TgT,, g €T reduced word.
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Technical slides

Consider the projections

eg = TgT,, g €T reduced word.

Such elements commute each other. Consider the following commutative
unital C*-subalgebra of O4:
Dp = C*({eg : g € F})

J. Renault, Cuntz-like algebras, Operator theoretical methods. (Timioara,
1998), Theta Found (2000) 371-386.
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