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Investigate!
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Hilbert's Nullstellensatz

@ Theorem (1893): Let K be an algebraically closed field and
fi,...,fs be polynomials in K[x, ..., x,]. Given a system of
equations such that f; = f = --- = fg = 0, then this system
has no solution if and only if there exist polynomials
B1,-..,0s € K[x1,...,x,] such that

1= zs: Gifi . O
i=1
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Hilbert's Nullstellensatz

@ Theorem (1893): Let K be an algebraically closed field and
fi,...,fs be polynomials in K[x, ..., x,]. Given a system of
equations such that f; = f, = ... = fg = 0, then this system
has no solution if and only if there exist polynomials
B1,...,0s € K[x1,...,x,] such that

lzzszﬁifi- =
i=1
140

x12—1:0, x1+x=0, xx+x3=0, xx+x3=0
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Hilbert's Nullstellensatz

@ Theorem (1893): Let K be an algebraically closed field and
fi,...,fs be polynomials in K[x, ..., x,]. Given a system of
equations such that f; = f, = ... = fg = 0, then this system
has no solution if and only if there exist polynomials
B1,...,0s € K[x1,...,x,] such that

IZZﬁ,f, O
i=1
1#£0
x12—1:0, x1+x=0, xx+x3=0, xx+x3=0

) 1 1 1
(D) 0a =1+ 5% ) at+x)+| —5x ) (e+x)+ | 5x ) (xa+ xs)
N N—— 2 —— 2 —_—— 2 ——
B fi ~— f N——— fy —— f
B2 B3 Ba
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Hilbert's Nullstellensatz

@ Theorem (1893): Let K be an algebraically closed field and
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Hilbert's Nullstellensatz

@ Theorem (1893): Let K be an algebraically closed field and
fi,...,fs be polynomials in K[x,...,x,]. Given a system of
equations such that f; = f, = ... = fg = 0, then this system
has no solution if and only if there exist polynomials
B1,...,0s € K[x1,...,x,] such that

1= iﬁifi : o
i—1

—_——

This polynomial identity is a Nullstellensatz certificate.

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems



Hilbert's Nullstellensatz

@ Theorem (1893): Let K be an algebraically closed field and
fi,...,fs be polynomials in K[x,...,x,]. Given a system of
equations such that f; = f, = ... = fg = 0, then this system
has no solution if and only if there exist polynomials
B1,...,0s € K[x1,...,x,] such that

1= iﬁifi : o
i—1

This polynomial identity is a Nullstellensatz certificate.

o Definition: Let d = max { deg(1), deg(32), ..., deg(5s) }.
Then d is the degree of the Nullstellensatz certificate.
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Nullstellensatz Degree Upper Bounds

Recall n is the number of variables, and the number of monomials

of degree d in n variables is (”T)i;l).

e Theorem: (Kolldr, 1988) The deg([3;) is bounded by

deg(p;) < ( max {3, max{deg(f,-)}})

(bound is tight for certain pathologically bad examples)

e Theorem: (Lazard 1977, Brownawell 1987) The deg(f;) is
bounded by

deg(;) < n(max{deg(f;)} — 1) .

(bound applies to particular zero-dimensional ideals)
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Nullstellensatz Degree Upper Bounds

Recall n is the number of variables, and the number of monomials

of degree d in n variables is (”T)i;l).

e Theorem: (Kolldr, 1988) The deg([3;) is bounded by

deg(p;) < ( max {3, max{deg(f,-)}})

(bound is tight for certain pathologically bad examples)

e Theorem: (Lazard 1977, Brownawell 1987) The deg(f;) is
bounded by

deg(;) < n(max{deg(f;)} — 1) .
(bound applies to particular zero-dimensional ideals)

Question: What about lower bounds? How do we find them?
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A Too Brief Mention of Highly Significant Papers

o S. Buss, T. Pitassi, Good Degree Bounds on Nullstellensatz
Refutations of the Induction Principle, Journal of Computer
and System Sciences, 1998, 57:162-171.

@ R. Impagliazzo, P. Pudlak, J. Sgall, Lower Bounds for the
Polynomial Calculus and Grébner Basis Algorithm, J.
Computational Complexity, (1999) 8: 127.
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Why Combinatorial Problems as Systems of Polynomial Equations?

@ Noga Alon, Combinatorial Nullstellensatz, Combinatorics,
Probability and Computing 8, 729 (1999)
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Why Combinatorial Problems as Systems of Polynomial Equations?

@ Noga Alon, Combinatorial Nullstellensatz, Combinatorics,
Probability and Computing 8, 729 (1999)

e Noga Alon (2000): “Is it possible to modify the algebraic
proofs given here so that they yield efficient ways of solving
the corresponding algorithmic problems? It seems likely that
such algorithms do exist.”
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How do we find Nullstellensatz certificates?

@ A system of polynomial equations

X1271:0, x1+x3 =0, x1+x2 =0, x2+x3=0
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How do we find Nullstellensatz certificates?

@ A system of polynomial equations

X1271:0, x1+x3 =0, x1+x2 =0, x2+x3=0

@ Construct a hypothetical Nullstellensatz certificate of degree 1

1= (cox1 + cixe + caxs + ¢3) (xi — 1) + (cax1 + csxe + cox3 + ¢7) (x1 + x2)
B1 B2

+ (csx1 + cox2 + croxs + c11) (x1 + x3) + (cr2x1 + c13x2 + claxz + c15) (0 + x3)

B3 Ba

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems



How do we find Nullstellensatz certificates?

@ A system of polynomial equations

X1271:0, x1+x3 =0, x1+x2 =0, x2+x3=0

@ Construct a hypothetical Nullstellensatz certificate of degree 1

1= (cox1 + cixe + caxs + ¢3) (xi — 1) + (cax1 + csxe + cox3 + ¢7) (x1 + x2)

B1 B2
+ (csx1 + cox2 + croxs + c11) (x1 + x3) + (cr2x1 + c13x2 + claxz + c15) (0 + x3)

B3 Ba
@ Expand the hypothetical Nullstellensatz certificate
Coxi + Cixpxe + Coxixs + (s+ca+ Cs)xl2 + (e + C13.)X22 + (co + C14)X32—|—
(cs 4 s + co+ cr2)xixo + (€6 + 8 + cr0 + c12)x1x3 + (6 + o + €13 + C1a)xox3+

(r+car—c)xi+(cr+cs—ca)xe+(c1+cs — o) —c
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How do we find Nullstellensatz certificates?

@ A system of polynomial equations

X1271:0, x1+x3 =0, x1+x2 =0, x2+x3=0

@ Construct a hypothetical Nullstellensatz certificate of degree 1

1= (cox1 + cixe + caxs + ¢3) (xi — 1) + (cax1 + csxe + cox3 + ¢7) (x1 + x2)

B1 B2
+ (csx1 + cox2 + croxs + c11) (x1 + x3) + (cr2x1 + c13x2 + claxz + c15) (0 + x3)

B3 Ba
@ Expand the hypothetical Nullstellensatz certificate

Coxi + cixpxe + coxixs + (s + ca + c8)xi + (Cs + €13)% + (Cro + Cra)x3+
(cs 4 s + co+ cr2)xixo + (€6 + 8 + cr0 + c12)x1x3 + (6 + o + €13 + C1a)xox3+
(r+car—c)xi+(cr+cs—ca)xe+(c1+cs — o) —c

© Extract a /inear system of equations from expanded certificate

c =0, ey c+c+cg=0, ci1+cs—c=0, - =1
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How do we find Nullstellensatz certificates?

@ Solve the linear system, and assemble the certificate

1 1 1
1=—(q-1)+ §X1(X1 +x2) — §X1(X2 +x3) + §X1(X1 + x3)
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How do we find Nullstellensatz certificates?

@ Solve the linear system, and assemble the certificate
5 1 1 1
I1=—(q—1)+ §X1(X1 +x2) — §X1(X2 +x3) + §X1(X1 + x3)

© Otherwise, increment the degree and repeat.
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Definition of Independent Set Problem

o Independent Set: Given a graph G and an integer k, does
there exist a subset of the vertices of size k such that no two
vertices in the subset are adjacent?
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Definition of Independent Set Problem

o Independent Set: Given a graph G and an integer k, does
there exist a subset of the vertices of size k such that no two
vertices in the subset are adjacent?

@ Definition: The stability or independence number of a graph
is the size of the largest independent set in the graph, and is
denoted by a(G).

e Turan Graph T(5,3):
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Definition of Independent Set Problem

o Independent Set: Given a graph G and an integer k, does
there exist a subset of the vertices of size k such that no two
vertices in the subset are adjacent?

@ Definition: The stability or independence number of a graph
is the size of the largest independent set in the graph, and is
denoted by a(G).

e Turén Graph T(5,3): o(T(5,3)) = 2.
4
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Independent Set as a System of Polynomial Equations (L. Lovasz)

Given a graph G and an integer k:

@ one variable per vertex: xi,...,x,

@ For every vertex i =1,...,n, Ietxiz—x,-:0 .
o For every edge (i,j) € E(G), let xjx; =0 .

e Finally, let

(—k—i—iz:n;x;) =0.

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems



Independent Set as a System of Polynomial Equations (L. Lovasz)

Given a graph G and an integer k:
@ one variable per vertex: xi,...,x,
@ For every vertex i =1,...,n, Ietxiz—x,-:0 .
o For every edge (i,j) € E(G), let xjx; =0 .
e Finally, let

(—k—i—iz:n;x;) =0.

@ Theorem: Let G be a graph, k an integer, encoded as the
above (n+ m + 1) system of equations. Then this system has
a solution if and only if G has an independent set of size k.

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems



Turdn Graph T(5,3): = System of Polynomial Equations

2
1

Figure: Does T (5, 3) have an independent set of size 37

x1x3=0, xyx4 =0, x1x5 =0, xox3 =0, X12—X1 =0, X22—X2:0

xox4 =0, xox5 =0, x3x5 =0, x4x5 =0, xg—x:»,:O, xf—X4:0
2

x1+x3+x5+x2+x4—3=0, x5 —x5 =0

e Remark: Since T(5,3) has no independent set of size 3, this
system of polynomial equations is infeasible.
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Turdn Graph T(5,3): Reduced Certificate Example

1
1= <X1X21+2X3X4 S nEers e —Z>(X1+X3+X5+XQ+X4—4)+

xe pe (LN (e (LN (e LY (e 1Y
2 '1276)" T \1276)" T \1276)"" T \1276)7
X2 Xy X2 X5 X4 ]. X4 X5 X2 1 2

6 +T+<T+6)X3X5+ 6 +(E+ﬁ><“m+

a LY oe a 1Yoz R VRSV, k.
(12+12)(X2 X2)+<1 J“lz)(X3 X3)+<12+12>(X4 “)+
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Nullstellensatz certificates of Independent Set have Large

Degree and are Dense

e Theorem (J. De Loera, J. Lee, S.M., S. Onn, 2007): For
a graph G, a minimum-degree Nullstellensatz certificate for
the non-existence of a independent set of size greater than
a(G) has degree equal to a(G) and contains at least one
term for every independent set in G.
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Turdn Graph T(5,3): Reduced Certificate Example

3 4
2
5
1
1
1= (X1X21+2X3X4 ~ntmtmTet *Z)(X1+X3+X5+X2+X4*4)+

202 D) o (2 2 st (24 = )+ (242 ot
12 71276) T \(1276) T (1276) T (127T6)"
X2 X4 X2 X5 X4 1 X4 X5 1 2
% Te T <T i 6>X3X5 T T (12 * ﬁ)“l )+

X1 1 2 X4 1 2 ) X3 1 2 X527X5
(12 + 12)(X2 @) + (12 + 12)(X3 xa) + (12 + 12>(X4 T
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Turdn Graph T(5,3): Reduced Certificate Example
3 4

X1X2 +x3xa  X1+x3+xs+x2+x2 1
1:( 1 - 1 71>(x1+x—5+><5’><2+><4—4)+

X2 I et (22 )t (24 2 (2 L) ot
2 12te) ot (1276) T 1276 )" 12 te)"
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Turdn Graph T(5,3): Reduced Certificate Example
3 4

X1X2 + X3X. x1 + x3 + x5 + x2 + x. 1
1:(121234*1 & 1; 2 471>(x1+x—5+><5’><2+><4—4)+

X2 I et (22 )t (24 2 (2 L) ot
2 12te) ot (1276) T 1276 )" 12 te)"

Do the actual numbers within the Nullstellensatz certificates
likewise have a combinatorial interpretation?
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Partition Problem: Definition and Example

e Partition: Given set of integers W = {ws,..., w,}, can W
be partitioned into two sets, S and W \ S such that

Swe ¥ W

weS weW\S
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Partition Problem: Definition and Example

e Partition: Given set of integers W = {ws,..., w,}, can W
be partitioned into two sets, S and W \ S such that

Swe ¥ W

weS weW\S

e Example: Let W = {1,3,5,7,7,9}. Then
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Partition Problem: Definition and Example

e Partition: Given set of integers W = {ws,..., w,}, can W
be partitioned into two sets, S and W \ S such that

Swe ¥ W

weS weW\S

e Example: Let W ={1,3,5,7,7,9}. Then
S

1+3+5+7
—_—
S
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Partition Problem: Definition and Example

e Partition: Given set of integers W = {ws,..., w,}, can W
be partitioned into two sets, S and W \ S such that

Swe ¥ W

weS weW\S

e Example: Let W ={1,3,5,7,7,9}. Then
N——
S W\S

1+3+5+7 7+9
— ~—~—
s W\S
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Partition Problem: Definition and Example

e Partition: Given set of integers W = {ws,..., w,}, can W
be partitioned into two sets, S and W \ S such that

Swe ¥ W

weS weW\S

e Example: Let W ={1,3,5,7,7,9}. Then
N——
S W\S

166=1+3+5+7=7+4+9 =16.
—_—— ~——
S W\S
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Partition Problem: Definition and Example

e Partition: Given set of integers W = {ws,..., w,}, can W
be partitioned into two sets, S and W \ S such that

Swe ¥ W

weS weW\S

e Example: Let W ={1,3,5,7,7,9}. Then
N——
S W\S

166=1+3+5+7=7+4+9 =16.
—_—— ~——
S W\S

@ The Partition problem is NP-complete.
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Partition as a System of Polynomial Equations

Given a set of integers W = {wy, ..., wp}:
@ one variable per integer: xi,...,x,
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Partition as a System of Polynomial Equations

Given a set of integers W = {wy, ..., wp}:
@ one variable per integer: xi,...,x,
e Fori=1,...,n, Ietx,-2—1:0,
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Partition as a System of Polynomial Equations

Given a set of integers W = {wy, ..., wp}:
@ one variable per integer: xi,...,x,
e Fori=1,...,n, Ietx,-2—1:0,
@ and,

n
E Wi X = 0.
i=1
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Partition as a System of Polynomial Equations

Given a set of integers W = {wy, ..., wp}:
@ one variable per integer: xi,...,x,
e Fori=1,...,n, Ietx,-2—1:0,
@ and,

n
E Wi X = 0.
i=1

e Proposition: Given a set of integers W = {wy,..., w,}, the
above system of n+ 1 polynomial equations has a solution if
and only if there exists a partition of W into two sets, S C W

and W\ S, such that -, cow =3, cprsw -
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Partition as a System of Polynomial Equations

Given a set of integers W = {wy, ..., wp}:
@ one variable per integer: xi,...,x,
e Fori=1,...,n, Ietx,-2—1:0,
@ and,

n
E Wi X = 0.
i=1

e Proposition: Given a set of integers W = {wy,..., w,}, the
above system of n+ 1 polynomial equations has a solution if
and only if there exists a partition of W into two sets, S C W

and W\ S, such that -, cow =3, cprsw -

Question: Let W = {1,3,5,2}. Is W partitionable?

x2-1=0, x¥3-1=0, x$-1=0, xX-1=0,
x1+3x +5x3+2x4 =0 .
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Minimum-degree Nullstellensatz Certificates Example

Question: Let W = {1,3,5,2}. Is W partitionable?

3F-1=0, x3-1=0, x3-1=0, x3-1=0,

x1+3x0+5x3+2x4 =0 .
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Minimum-degree Nullstellensatz Certificates Example

Question: Let W = {1,3,5,2}. Is W partitionable? Answer: No!

3F-1=0, x3-1=0, x3-1=0, x3-1=0,

x1+3x0+5x3+2x4 =0 .
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Minimum-degree Nullstellensatz Certificates Example

Question: Let W = {1,3,5,2}. Is W partitionable? Answer: No!

3F-1=0, x3-1=0, x3-1=0, x3-1=0,
x1+3x +5x3+2x4 =0

1= < — @ + £X2X3 — @XQXz; + 908 X3X4> (X% — 1)
693 = 3465 693 3465
188 292
* (_ ﬁ T 1155 1155 Tlrvet 1155X3X4)( 2= 1)
908 292 ,
+ ( X1X2 + 693X1X4+693X2X4>(X31)
+(__ s 16 584X2X3>( 2 1)
693 693 3465 3465
155 467 34 842
+ (693 2 326570 T 6037 T 3465 12
908 292
+ 693 X1X2X4 3465 ——X1X3X4 — 3465 X2X3X4) (Xl + 3xy + 5x3 + 2X4) .
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Minimum-degree Partition Nullstellensatz Certificates

Let S/ denote the set of k-subsets of {1,...,n} ( e, S]] = (Z))

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems



Minimum-degree Partition Nullstellensatz Certificates

Let S/ denote the set of k-subsets of {1,...,n} ( e, S]] = (Z))

Theorem (S.M., S. Onn, 2012)

Given a set of non-partitionable integers W = {wx, ..., w,}
encoded as a system of polynomial equations as above, there exists
a minimum-degree Nullstellensatz certificate for the non-existence
of a partition of W as follows:

Z(Z Zc,sx)x—l (ZZbX)(ZW;X,’).

Ky €y ek =
Moreover, every Nullstellensatz certificate associated with the
above system of polynomial equations contains exactly one
monomial for each of the even parity subsets of 5[:\', and exactly
one monomial for each of the odd parity subsets of S;.
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Minimum-degree Partition Nullstellensatz Certificates

Let S/ denote the set of k-subsets of {1,...,n} ( e, S]] = (Z))

Theorem (S.M., S. Onn, 2012)

Given a set of non-partitionable integers W = {wx, ..., w,}
encoded as a system of polynomial equations as above, there exists
a minimum-degree Nullstellensatz certificate for the non-existence
of a partition of W as follows:

Z(Z Zc,sx)x—l (ZZbX)(ZW;X,’).

Ky €y ek =
Moreover, every Nullstellensatz certificate associated with the
above system of polynomial equations contains exactly one
monomial for each of the even parity subsets of 5[:\', and exactly
one monomial for each of the odd parity subsets of S;.

Note: certificate is both high degree and dense.



Minimum-degree Nullstellensatz Certificates Example

Question: Let W = {1,3,5,2}. Is W partitionable? Answer: No!

3F-1=0, x3-1=0, x3-1=0, x3-1=0,
x1+3x +5x3+2x4 =0

1= < — @ + £X2X3 — @XQXz; + 908 X3X4> (X% — 1)
693 = 3465 693 3465
188 292
* (_ ﬁ T 1155 1155 Tlrvet 1155X3X4)( 2= 1)
908 292 ,
+ ( X1X2 + 693X1X4+693X2X4>(X31)
+(__ s 16 584X2X3>( 2 1)
693 693 3465 3465
155 467 34 842
+ (693 2 326570 T 6037 T 3465 12
908 292
+ 693 X1X2X4 3465 ——X1X3X4 — 3465 X2X3X4) (Xl + 3xy + 5x3 + 2X4) .
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Minimum-degree Nullstellensatz Certificates Example

Question: Let W = {1,3,5,2}. Is W partitionable? Answer: No!

3F-1=0, x3-1=0, x3-1=0, x3-1=0,
x1+3x +5x3+2x4 =0

1= < — @ + £X2X3 — @XQXz; + 908 X3X4> (X% — 1)
693 = 3465 693 3465
188 292
* (_ ﬁ T 1155 1155 Tlrvet 1155X3X4)( 2= 1)
908 292 ,
+ ( X1X2 + 693X1X4+693X2X4>(X31)
. (__ s 16 584X2X3>( 2 1)
693 693 3465 3465
155 467 34 842
+ (693 2 32657 T 6937 T 346510
908 292
+ 693 X1X2X4 3465 ——X1X3X4 — 3465 X2X3X4) (Xl + 3xy + 5x3 + 2X4) .
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

w3 wr wy O

wr wy 0 wy

wi 0 w3 Wp
0 w wr wjs
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

w3
w3 wr wy O W
wr wy 0 wy W
wi 0 w3 Wp ws

0 w wr wjs
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

w1 W2 w3
w3 wr wy O

7%
wr wy 0 wy Wz
wi 0 w3 Wp ws

0 w wr wjs
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

w1 W2 w3
w3 wr wy O

w1 wWo w3
wr wy 0 wy W
wi 0 w3 Wp ws

0 w wr wjs
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

w1 W2 w3
w3 wr wy O

w1 wWo w3
wr wy 0 wy W Wi W
wi 0 w3 Wp ws

0 w wr wjs
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

w1 W2 w3
w3 wr wy O

w1 w2 w3
wr wy 0 wy W Wi W
wi 0 w3 Wp

w1 1) w3

0 w wr wjs
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

_ ‘ +
w1+ wo + ws
w3 wr wy O
W wa 0w -—wm + w2 + w3
2 3 1 —w +wm +ws
wi 0 w3 Wp
— Wi — w2 + w3

0 w wr wjs
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

_ ‘ +
w1 + wo + ws
w3 wr wy O
wy w 0 w - e ws
2 3 ! —wy | +wg + w3
wi 0 w3 Wp
— w1 — W + ws

0 w wr wjs

(w1 + w2 + w3)(—wi + wp + ws) (w1 — wa + w3)(—w1 — wa + w3)
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

_ ‘ +
w1 + wo + ws
w3 wr wy O
Wo W 0 w - e ws
2 3 ! —wy | +wg + w3
wi 0 w3 Wp
— w1 — W + ws

0 w wr wjs

(w1 + we + w3)(—wi + wp + ws) (w1 — wa + w3)(—w1 — wa + w3)

partition polynomial
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

_ ‘ +
w1 + wo + ws
w3 wr wy O
Wo W 0 w - e ws
2 3 ! —wy | +wg + w3
wi 0 w3 Wp
— w1 — W + ws

0 w wr wjs

The determinant of the above partition matrix is the

(w1 + we + w3)(—wi + wp + ws) (w1 — wa + w3)(—w1 — wa + w3)

partition polynomial
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The Partition Matrix: Extract a Square Linear System

Let W = {Wl, W, W3}.

_ ‘ +
w1 + wo + ws
w3 wr wy O
wy w 0 w - e ws
2 3 ! —wy | +wg + w3
wi 0 w3 Wp
— w1 — W + ws

0 w wr wjs

The determinant of the above partition matrix is the

(w1 + we + w3)(—wi + wp + ws) (w1 — wa + w3)(—w1 — wa + w3)

partition polynomial

Theorem (S.M., S. Onn, D.V. Pasechnik, 2015)

The determinant of the partition matrix is the partition polynomial.
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Hilbert's Nullstellensatz Numeric Coefficients and the

Partition Polynomial

Given a square non-singular matrix A, Cramer’s rule states that
Ax = b can be solved according to the formula

 det(Al})

X7 T det(A)

where Al is the matrix A with the i-th column replaced with the
right-hand side vector b.
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Recall the non-partitionable W = {1, 3,5,2}:

— 71575+842 —@xergogxx (Xzfl)
- 693 ' 3465 2% T 693°P“ T 3465707 |1
1 842 188 202 ,
'*(‘Eﬁ*ﬂi%xﬂ3 Eﬁ“4+11%&“)“2*n
908 92
+ < XX + —— 693 x1Xs + 693X2X4)(x§ -1)
1816 584 )
+<_&ﬁ_6£12+3%5“**M%&“ymfl)
+ ngri +467 +£ *7842XXX
69371 T 69372 " 3465°° " 693°“ 3465 ¢

908 292
+ 693X1X2X4 3065 ———— X1X3X4 — 3965 X2X3X4) (x1 + 3x2 + 5x3 + 2x4) .
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Recall the non-partitionable W = {1, 3,5,2}:

— ,1575+842 7@X)<+908XX (Xzfl)
- 693 ' 3465 2% T 693°P“ T 3465707 |1
1 842 188 202 ,
+ (- ﬁ + 1155x1)<3 ﬁn 4 + 1155X3X4) (x2 — 1)
908 92
+ < X1X2 + ——= 693 X1X4 + 693X2X4)(X§ -1)
1816 584 2
+<_&ﬁ_6£12+3%5“**M%&“)“fl)
+ §X+7 +467 +£ *842XXX
693°1 T 693°2 " 3465°° " 603°* ~ 3465 2%

908 292
+ 693X1X2X4 3065 ———— X1X3X4 — 3965 X2X3X4) (x1 + 3x2 + 5x3 + 2x4) .
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Recall the non-partitionable W = {1, 3,5,2}:

— ,1575+842 7@X)<+908XX (Xzfl)
- 693 ' 3465 2% T 693°P“ T 3465707 |1
1 842 188 202 ,
+ (- ﬁ + 1155x1)<3 ﬁn 4 + 1155X3X4) (x2 — 1)
908 92
+ < X1X2 + ——= 693 X1X4 + 693X2X4)(X§ -1)
1816 584 2
+<_&ﬁ_6£12+3%5“**M%&“)“fl)
+ §X+7 +467 +£ *842XXX
693°1 T 693°2 " 3465°° " 603°* ~ 3465 2%

908 292
+ 693X1X2X4 3065 ———— X1X3X4 — 3965 X2X3X4) (x1 + 3x2 + 5x3 + 2x4) .

51975 = (1 +3+5+2)(-14+34+5+2)(1 -3+5+2)(1+3-5+2)
(-1 -3+45+2)(-1+3-54+2)(1-3-5+2)(-1-3-5+2).
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Recall the non-partitionable W = {1, 3,5,2}:

= (* 155 + 842 X2X3 — @XQ)Q + 908 X3X4) (X% —-1)
693 = 3465 693 3465

+ (— 1 + 842 X1X3 — @Xl Xa + 292 X3X4) (Xg —-1)
231 1155 231 1155

+ < Xx1x2 + 28§ X1Xa + 6g§X2X4)(X§ —-1)

+ (— — = ——X1X2 + —— 1816 X1X3 + o84 X2X3)(X§*1)
693 693 3465 3465

+ <@X1+f X2 + 467 3+£ X4 — 842 e X1X2X3

693 693 3465 693 3465

+ X1 XX 908xxx 292xxx (x1 + 3x2 + 5x3 + 2x4)
693124 3265 3% T 325 223X | (1 2 3 a) .

~51975 = (1 +3+5+2)(-1+3+5+2)(1 -3+5+2)(1+3-5+2)
(—1—3+5+2)(—1+3—5+2)(1—3—5+2)(—1—3—5+2).
Via Cramer’s rule, we see that the unknown by is equal to
—2550

by = — 22—
4~ 51975
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Recall the non-partitionable W = {1, 3,5,2}:

= (* 155 + 842 X2X3 — @XQ)Q + 908 X3X4) (X% —-1)
693 = 3465 693 3465

+ (— 1 + 842 X1X3 — @Xl Xa + 292 X3X4) (Xg —-1)
231 1155 231 1155

+ < Xx1x2 + 28§ X1Xa + 6g§X2X4)(X§ —-1)

+ (— — = ——X1X2 + —— 1816 X1X3 + o84 X2X3)(X§*1)
693 693 3465 3465

+ <@X1+f X2 + 467 3+£ X4 — 842 e X1X2X3

693 693 3465 693 3465

+ X1 XX 908xxx 292xxx (x1 + 3x2 + 5x3 + 2x4)
693124 3265 3% T 325 223X | (1 2 3 a) .

~51975 = (1 +3+5+2)(-1+3+5+2)(1 -3+5+2)(1+3-5+2)
(—1—3+5+2)(—1+3—5+2)(1—3—5+2)(—1—3—5+2).
Via Cramer’s rule, we see that the unknown by is equal to
—2550 34

by = —22—
7~ 51975 693
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Definition of Graph Coloring Problem

@ Graph coloring: Given a graph G, and an integer k, can the
vertices be colored with k colors in such a way that no two
adjacent vertices are the same color?

o Petersen Graph: 3-colorable
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Graph 3-Coloring as a System of Polynomial Equations

over C (D. Bayer)

@ one variable per vertex: xi,..., X,
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Graph 3-Coloring as a System of Polynomial Equations

over C (D. Bayer)

@ one variable per vertex: xi,..., X,
@ vertex polynomials: For every vertex i = 1,...,n,
x}-1=0

1
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Graph 3-Coloring as a System of Polynomial Equations

over C (D. Bayer)

@ one variable per vertex: xi,..., X,
@ vertex polynomials: For every vertex i = 1,...,n,
x}-1=0

1

e edge polynomials: For every edge (/,j) € E(G),

x,-2+x,-xj+xj2:O
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Graph 3-Coloring as a System of Polynomial Equations

over C (D. Bayer)

@ one variable per vertex: xi,..., X,
@ vertex polynomials: For every vertex i = 1,...,n,
x}-1=0

1

e edge polynomials: For every edge (/,j) € E(G),

x3 — x3
P 2 2
——L = x5+ X7 =0
Xj — Xj
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Graph 3-Coloring as a System of Polynomial Equations

over C (D. Bayer)

@ one variable per vertex: xi,..., X,
@ vertex polynomials: For every vertex i = 1,...,n,
x}-1=0

1

e edge polynomials: For every edge (/,j) € E(G),

x3 — x3
P 2 2
——L = x5+ X7 =0
Xj — Xj

e Theorem: Let G be a graph encoded as the above (n+ m)
system of equations. Then this system has a solution if and
only if G is 3-colorable.
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Petersen Graph = System of Polynomial Equations

Figure: Is the Petersen graph 3-colorable?

X—-1=0,¢-1=0, Xg 4 xox1 + X3 = 0,55 +xoxa +x¢ =0
3 —-1=0,3-1=0, Xg + xox5 + X2 = 0,x7 + x1x0 + x5 =0
xf—le,xS—le, x12+x1x6+x62:O,x22+X2X3+x32:0
)(63_1:07)(?_1:07 ............

3 —1=0,x—1=0, xg + x6x8 + x5 = 0,%2 + x7x0 + x5 =0
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Where is the Infinite Family of Graphs that Grow over C?

o Flower, Kneser, Grotzsch, Jin, Mycielski graphs have degree 4.
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Where is the Infinite Family of Graphs that Grow over C?

o Flower, Kneser, Grotzsch, Jin, Mycielski graphs have degree 4.

@ Theorem: Every Nullstellensatz certificate of a
non-3-colorable graph has degree at least four.
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Where is the Infinite Family of Graphs that Grow over C?

o Flower, Kneser, Grotzsch, Jin, Mycielski graphs have degree 4.

@ Theorem: Every Nullstellensatz certificate of a
non-3-colorable graph has degree at least four.

@ Theorem: For n > 4, a minimum-degree Nullstellensatz
certificate of non-3-colorability for cliques and odd wheels has
degree exactly four.

and AR
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Graph 3-Coloring as a System of Polynomial Equations

over [F, (inspired by Bayer)

@ one variable per vertex: xi,..., X,
@ vertex polynomials: For every vertex i = 1,...,n,
x2+1=0

e edge polynomials: For every edge (/,j) € E(G),
X2+ x;x; + sz =0

@ Theorem: Let G be a graph encoded as the above (n+ m)
system of equations. Then this system has a solution if and
only if G is 3-colorable.
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Where is the Infinite Family of Graphs that Grow over

@ Theorem: Every Nullstellensatz certificate of a
non-3-colorable graph has degree at least one.
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Where is the Infinite Family of Graphs that Grow over

@ Theorem: Every Nullstellensatz certificate of a
non-3-colorable graph has degree at least one.

@ Theorem: For n > 4, a minimum-degree Nullstellensatz
certificate of non-3-colorability for cliques and odd wheels has
degree exactly one.

and AKE
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Experimental results for NulLA 3-colorability

Graph vertices | edges rows cols deg sec
Mycielski 7 95 755 64,281 71,726
Mycielski 9 383 7,271 | 2,477,931 | 2,784,794
Mycielski 10 767 22,196 | 15,270,943 | 17,024,333
(8,3)-Kneser 56 280 15,737 15,681

(10, 4)-Kneser 210 1,575 349,651 330,751

(12, 5)-Kneser 792 8,316 | 7,030,585 | 6,586,273
(13,5)-Kneser | 1,287 | 36,036 | 45,980,650 | 46,378,333
1-Insertions_5 202 1,227 268,049 247,855

2-Insertions_5 597 3,936 2,628,805 | 2,349,793
3-Insertions_5 1,406 9,695 | 15,392,209 | 13,631,171
ash331GPIA 662 4,185 | 3,147,007 | 2,770,471
ash608GPIA 1,216 7,844 | 10,904,642 | 9,538,305
ash958GPIA 1,916 | 12,506 | 27,450,965 | 23,961,497
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Table: Graphs without 4-cliques.




Experimental results for NulLA 3-colorability

Graph vertices | edges rows cols deg sec
Mycielski 7 95 755 64,281 71,726 1
Mycielski 9 383 7,271 | 2,477,931 | 2,784,794 1
Mycielski 10 767 22,196 | 15,270,943 | 17,024,333 | 1
(8,3)-Kneser 56 280 15,737 15,681 1

(10, 4)-Kneser 210 1,575 349,651 330,751 1
(12, 5)-Kneser 792 8,316 | 7,030,585 | 6,586,273 1
(13,5)-Kneser | 1,287 | 36,036 | 45,980,650 | 46,378,333 | 1
1-Insertions_5 202 1,227 268,049 247,855 1
2-Insertions_5 597 3,936 2,628,805 | 2,349,793 1
3-Insertions_5 1,406 9,695 | 15,392,209 | 13,631,171 1
ash331GPIA 662 4,185 | 3,147,007 | 2,770,471 1
ash608GPIA 1,216 7,844 | 10,904,642 | 9,538,305 1
ash958GPIA 1,916 | 12,506 | 27,450,965 | 23,961,497 | 1
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Table: Graphs without 4-cliques.




Experimental results for NulLA 3-colorability

Graph vertices | edges rows cols deg sec
Mycielski 7 95 755 64,281 71,726 1 46
Mycielski 9 383 7,271 | 2,477,931 | 2,784,794 1 268.78
Mycielski 10 767 22,196 | 15,270,943 | 17,024,333 | 1 14835
(8,3)-Kneser 56 280 15,737 15,681 1 .07

(10, 4)-Kneser 210 1,575 349,651 330,751 1 3.92

(12, 5)-Kneser 792 8,316 | 7,030,585 | 6,586,273 1 466.47
(13,5)-Kneser | 1,287 | 36,036 | 45,980,650 | 46,378,333 | 1 | 216105
1-Insertions_5 202 1,227 268,049 247,855 1 1.69

2-Insertions_5 597 3,936 2,628,805 | 2,349,793 1 18.23
3-Insertions_5 1,406 9,695 | 15,392,209 | 13,631,171 1 83.45
ash331GPIA 662 4,185 | 3,147,007 | 2,770,471 1 13.71
ash608GPIA 1,216 7,844 | 10,904,642 | 9,538,305 1 34.65
ash958GPIA 1,916 | 12,506 | 27,450,965 | 23,961,497 | 1 90.41

Table: Graphs without 4-cliques.
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Comparison with Graph Coloring Heuristics

@ A Branch-and-Cut algorithm for graph coloring by lsabel
Méndez-Diaz and Paula Zabala (2006)

B&C | DSATUR NulLA
G n m Ib up|Ib up deg sec
4-Insertions_3.col 79 156 | 3 4 |2 4
3-Insertions_4.col 281 1046 |3 5 | 2 5
4-Insertions_4.col 475 1,795 3 5 | 2 5
2-Insertions_5.col 597 3936 |3 6 | 2 6
3-Insertions_5.col 1,406 9,695 | 3 6 | 2 6
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Comparison with Graph Coloring Heuristics

@ A Branch-and-Cut algorithm for graph coloring by lsabel
Méndez-Diaz and Paula Zabala (2006)

B&C | DSATUR NulLA
G n m Ib up|Ib up deg sec
4-Insertions_3.col 79 156 | 3 4 | 2 4 1
3-Insertions_4.col 281 1046 |3 5 | 2 5 1
4-Insertions_4.col 475 1,795 | 3 5 | 2 5 1
2-Insertions_5.col 597 3936 |3 6 | 2 6 1
3-Insertions_5.col 1,406 9,695 | 3 6 | 2 6 1
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Comparison with Graph Coloring Heuristics

@ A Branch-and-Cut algorithm for graph coloring by lsabel
Méndez-Diaz and Paula Zabala (2006)

B&C | DSATUR NulLA
G n m Ib up|Ib up deg sec
4-Insertions_3.col 79 156 | 3 4 |2 4 1 0
3-Insertions_4.col 281 1046 |3 5 | 2 5 1 2
4-Insertions_4.col 475 1,795 3 5 | 2 5 1 6
2-Insertions_5.col 597 3936 |3 6 | 2 6 1 19
3-Insertions_5.col 1,406 9,695 | 3 6 | 2 6 1 169
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Nullstellensatz Certificates of Non-3-colorability

Theorem (S.M., 2008)

The minimum-degree certificate for non-3-colorability grows as
1,4,7,10,....
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Nullstellensatz Certificates of Non-3-colorability

Theorem (S.M., 2008)

The minimum-degree certificate for non-3-colorability grows as
1,4,7,10,....

o Degree One Certificates:
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Nullstellensatz Certificates of Non-3-colorability

Theorem (S.M., 2008)

The minimum-degree certificate for non-3-colorability grows as
1,4,7,10,....

o Degree One Certificates:
o Directed Edge Cover interpretation (De Loera, Hillar, Malkin,
Omar, “Recognizing Graph Theoretic Properties with
Polynomial Ideals”, 2010)
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Nullstellensatz Certificates of Non-3-colorability

Theorem (S.M., 2008)
The minimum-degree certificate for non-3-colorability grows as
1,4,7,10,....

o Degree One Certificates:

o Directed Edge Cover interpretation (De Loera, Hillar, Malkin,
Omar, “Recognizing Graph Theoretic Properties with
Polynomial Ideals”, 2010)

e 2-path cover interpretation, (Li, Lowenstein, Omar, “Low
degree Nullstellensatz certificates for 3-colorability”, 2015)
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Nullstellensatz Certificates of Non-3-colorability

Theorem (S.M., 2008)
The minimum-degree certificate for non-3-colorability grows as
1,4,7,10,....

o Degree One Certificates:

o Directed Edge Cover interpretation (De Loera, Hillar, Malkin,
Omar, “Recognizing Graph Theoretic Properties with
Polynomial Ideals”, 2010)

e 2-path cover interpretation, (Li, Lowenstein, Omar, “Low
degree Nullstellensatz certificates for 3-colorability”, 2015)

o Degree Four Certificates:
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Nullstellensatz Certificates of Non-3-colorability

Theorem (S.M., 2008)
The minimum-degree certificate for non-3-colorability grows as
1,4,7,10,....

o Degree One Certificates:

o Directed Edge Cover interpretation (De Loera, Hillar, Malkin,
Omar, “Recognizing Graph Theoretic Properties with
Polynomial Ideals”, 2010)

e 2-path cover interpretation, (Li, Lowenstein, Omar, “Low
degree Nullstellensatz certificates for 3-colorability”, 2015)

@ Degree Four Certificates: Open Question!!
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What if the Nullstellensatz certificate is not degree 17

degree 4 certificate
7,585,826 x 9,887,481
over 4 hours
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What if the Nullstellensatz certificate is not degree 17

—> 25 triangles

degree 4 certificate
7,585,826 x 9,887,481
over 4 hours
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What if the Nullstellensatz certificate is not degree 17

= 25 triangles

A

degree 4 certificate
7,585,826 x 9,887,481
over 4 hours
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What if the Nullstellensatz certificate is not degree 17

—> 25 triangles

A

X y
“Triangle” equation:

degree 4 certificate
7,585,826 x 9,887,481
over 4 hours

O=x+y+z
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What if the Nullstellensatz certificate is not degree 17

—> 25 triangles

A

X y
“Triangle” equation:

degree 4 certificate
7,585,826 x 9,887,481
over 4 hours

O=x+y+z
Degree two triangle equation:

0=x2+y2+ 22
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What if the Nullstellensatz certificate is not degree 17

—> 25 triangles

A

X y
“Triangle” equation:
degree 4 certificate

7,585,826 x 9,887,481
over 4 hours

4

degree 1 certificate 0=x>+y%>+2?

O=x+y+z

Degree two triangle equation:
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What if the Nullstellensatz certificate is not degree 17

—> 25 triangles

A

X y
“Triangle” equation:
degree 4 certificate

7,585,826 x 9,887,481
over 4 hours

4

degree 1 certificate 0=x>+y%>+2?
4,626 x 4,3464

O=x+y+z

Degree two triangle equation:
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What if the Nullstellensatz certificate is not degree 17

—> 25 triangles

A

X y
“Triangle” equation:
degree 4 certificate

7,585,826 x 9,887,481
over 4 hours

4

degree 1 certificate 0=x>+y%>+2?
4,626 x 4,3464
.2 seconds

O=x+y+z

Degree two triangle equation:
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What if the Nullstellensatz certificate is not degree 17

—> 25 triangles

A

X y
“Triangle” equation:
degree 4 certificate

7,585,826 x 9,887,481
over 4 hours

4

degree 1 certificate 0=x>+y%>+2?
4,626 x 4,3464
.2 seconds

O=x+y+z

Degree two triangle equation:

Appending equations to the system can reduce the degree!
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What if the Nullstellensatz certificate is still not degree 17
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What if the Nullstellensatz certificate is still not degree 17
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What if the Nullstellensatz certificate is still not degree 17
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What if the Nullstellensatz certificate is still not degree 17
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What if the Nullstellensatz certificate is still not degree 17

Alternative Nullstellensatze

S
«@ «@
XX =7 B,
i=1
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What if the Nullstellensatz certificate is still not degree 17

Alternative Nullstellensatze

S
«@ «@
XX =7 B,
i=1

non-zero # 0
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What if the Nullstellensatz certificate is still not degree 17

Alternative Nullstellensatze

S
«@ «@
XX =7 B,
i=1

non-zero # 0

xixex0 = (X1 4 3) (34 + x12 +53) + (xa + xo + x12) (X5 + X130 +G) + -+
+ (1 + xa + x6) (X + xaxa2 + xi2) + (2 + x7 + x8) (% + xexs + X3)
+ (6 +x0) (x4 + 35 +x¢) +(x0) (55 + 5 +x5) +(x8) (oG + x¢ +x7) .
—_———

triangle equation triangle equation triangle equation
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What if the Nullstellensatz certificate is STILL not degree 17

Branching
Given the system of polynomial equations

fi=h=-=f=0,

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems



What if the Nullstellensatz certificate is STILL not degree 17

Branching

Given the system of polynomial equations

i=h=-=f=0,
the ideal | = (f1,...,fs) is the set of all polynomials that vanish on
the same set of zeros as f1, ..., fs.
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What if the Nullstellensatz certificate is STILL not degree 17

Branching

Given the system of polynomial equations
fi=h=--=f=0,

the ideal | = (f1,...,fs) is the set of all polynomials that vanish on
the same set of zeros as f1, ..., fs.

When we say g; € K[xy, ..., x,], we mean g; is a polynomial in the
variables xi, ..., x, with coefficients in K.
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What if the Nullstellensatz certificate is STILL not degree 17

Branching

Given the system of polynomial equations
fi=h=--=f=0,

the ideal | = (f1,...,fs) is the set of all polynomials that vanish on
the same set of zeros as f1, ..., fs.

When we say g; € K[xy, ..., x,], we mean g; is a polynomial in the
variables xi, ..., x, with coefficients in K.

For example,

7
xf’ + x2 + x3 € Fa[x1, x2, x3]
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What if the Nullstellensatz certificate is STILL not degree 17

Branching

Given the system of polynomial equations
fi=h=--=f=0,

the ideal | = (f1,...,fs) is the set of all polynomials that vanish on
the same set of zeros as f1, ..., fs.

When we say g; € K[xy, ..., x,], we mean g; is a polynomial in the
variables xi, ..., x, with coefficients in K.

For example,

xf’ + X0 + x37 € Falx1, x2, x3]
(x4 + (1= i)x2 + (3/2)4 € Clxt, x2, x3]
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What if the Nullstellensatz certificate is STILL not degree 17

Let I =(fi,...,f), g1,8 € K[x1,...,x,] and g1g» € /.
fi F e =g =10
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What if the Nullstellensatz certificate is STILL not degree 17

Let | = <f17"'7f$>' 81,82 GK[X]_,...,XH] and 818 € l.

f1: sue :fS:
f1:---_:fS:O f1:o--_:fS:O
gl_ 92_0
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What if the Nullstellensatz certificate is STILL not degree 17

Let I =(fi,...,f), g1,8 € K[x1,...,x,] and g1g» € /.
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What if the Nullstellensatz certificate is STILL not degree 17

Let I =(fi,...,f), g1,8 € K[x1,...,x,] and g1g» € /.

Multiply the certificates together
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What if the Nullstellensatz certificate is STILL not degree 17

Let I =(fi,...,f), g1,8 € K[x1,...,x,] and g1g» € /.

Multiply the certificates together — 1= (-)g1g + Z()f,
~——
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What if the Nullstellensatz certificate is STILL not degree 17

Let I =(fi,...,f), g1,8 € K[x1,...,x,] and g1g» € /.

Multiply the certificates together — 1= (-)g1g + Z()f,
~——
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What if the Nullstellensatz certificate is STILL not degree 17

Let I =(fi,...,f), g1,8 € K[x1,...,x,] and g1g» € /.

Multiply the certificates together — 1= (-)g1g + Z()f,
~——
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What if the Nullstellensatz certificate is STILL not degree 17

Let | =(f1,...,f), g1,...,8« € K[x1,...,xp] and gigj € /.
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What if the Nullstellensatz certificate is STILL not degree 17

Let | =(f1,...,f), g1,...,8« € K[x1,...,xp] and gigj € /.
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What if the Nullstellensatz certificate is STILL not degree 17

Let | =(f1,...,f), g1,...,8« € K[x1,...,xp] and gigj € /.
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What if the Nullstellensatz certificate is STILL not degree 17

Let | =(f1,...,f), g1,...,8« € K[x1,...,xp] and gigj € /.

9,=
“
fl_lll :fS:0 flzann
f1: s :fS:
9129420

Remark: Over F, (x; + 1)(x? + x; + 1)
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What if the Nullstellensatz certificate is STILL not degree 17

Let | =(f1,...,f), g1,...,8« € K[x1,...,xp] and gigj € /.

9,=
“
fl_lll :fS:0 flzann
f1: s :fS:
9129420

Remark: Over Fo, (x; + 1)(x? +x +1) = x> + 1.
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Branching Computational Example

degree four certificate
computed in 6 seconds
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Branching Computational Example

degree four certificate
computed in 6 seconds
D
9 degree one subproblems
solved in .01 seconds
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Where is our Infinite Family?

& B

(c)

e

near-4-clique free 4-critical graphs by Nishihara-Mizuno

@ Choose a base graph. @ Link using Hajés' join.
@ Choose another graph. O Repeat.
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Hard Instances: Branching vs. Non-Branching

NulLA w/o branching

NulLA w/ branching

of

G n m rows cols deg sec | su t;#probs sec
G 10 18 198 181 1 0

G 20 37 178,012 329,916 4 6

G, 30 55 1,571,328 2,257,211 4 52

G 39 72 6,481,224 8,072,429 4 201

Gs 49 90 | 22,054,196 24,390,486 >7 773

Gs 60 110 - - - -

Gs 69 127 - - - -

G, 78 144 - - - -

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems

Table: Hard instances of graph 3-colorability: MUGs



Hard Instances: Branching vs. Non-Branching

NulLA w/o branching NulLA w/ branching
# of
G n m rows cols deg sec | subprobs sec
G 10 18 198 181 0

G 30 55 1,571,328 2,257,211 52
Gz 39 72 6,481,224 8,072,429 201
Gs 49 90 | 22,054,196 24,390,486 >7 773

e
1

G 20 37 178,012 329,916 4 6
4
4

Gs 60 110 - - - -
Ge 69 127 - - . .
G, 78 144 - - - -

Table: Hard instances of graph 3-colorability: MUGs

The minimum-degree certificate for graph 3-colorability grows as
1,4,7,10,....
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Hard Instances: Branching vs. Non-Branching

NulLA w/o branching NulLA w/ branching
# of
G n m rows cols deg sec | subprobs sec
G 10 18 198 181 0

1

G 20 37 178,012 329,916 4 6
G 30 55 1,571,328 2,257,211 4 52
Gz 39 72 6,481,224 8,072,429 4 201
Gs 49 90 | 22,054,196 24,390,486 >7 773

Gs 60 110 - - - -
Ge 69 127 - - . .
G, 78 144 - - - -

Table: Hard instances of graph 3-colorability: MUGs

The minimum-degree certificate for graph 3-colorability grows as
1,4,7,10,....
Open Question

What is the relationship between the number of vertices in the
graph, and this growth pattern?

|

v
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Hard Instances: Branching vs. Non-Branching

NulLA w/o branching NulLA w/ branching
of

G n m rows cols deg sec | su t;#probs sec
G 10 18 198 181 1 0 1 0
G 20 37 178,012 329,916 4 6 9 .01
G, 30 55 1,571,328 2,257,211 4 52 83 31
G 39 72 6,481,224 8,072,429 4 201 479 2.86
Gs 49 90 | 22,054,196 24,390,486 >7 773 6,131 53.48
Gs 60 110 - - - - 67,163 946.66
Gs 69 127 - - - - 103,787  2031.98
Gr 78 144 - - - - 297,371  7058.14

The minimum-degree certificate for graph 3-colorability grows as

Table: Hard instances of graph 3-colorability: MUGs

1,4,7,10,.. ..

Open Question
What is the relationship between the number of vertices in the
graph, and this growth pattern?
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Using Symmetry to Reduce the Size of the Linear System

<]

Consider the complete graph Kj.
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Using Symmetry to Reduce the Size of the Linear System

X

Consider the complete graph Kj. A degree-one Hilbert
Nullstellensatz certificate for non-3-colorability, over Iy is

1=c(q +1)

CioX1 + Cipxa + X3 + CloXa)(X] + X0 +%3)

Ciax1 + Cixa + Ciaxa + Cigxa) (F + xix3 + X3

1 2 3 4
Co3X1 + Co3X2 + Cp3X3 + Cp3Xa

1 2 3 4
CaX1 + CopXo + CopX3 + CpXa

1
C34X1 + G342 + Gl + Cipxa

co
+
+
+
+ (

+ (X2 + xoxa + X3
+

( )

(ci ) )
(claXt + Cigx2 + Ciaxs + Claxa) (0 + x1x4 + x7)
( )03 + xx3 + X3)
( ) ;)
( ) ;)

(X2 + x3xg + X3
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Matrix associated with K; Nullstellensatz Certificate: Mg

T 72 3 41 2 71T 2 3 411 2 3 41 2 3 &1
€0[€12 €12 €12 €12]€13 €13 €13 €131€14 €14 €14 €143 €23 €23 €23|24 24 ©24 ©24]C;
1{({1{0 0 0 0O O O O|O O O O|O O O O|O O O O|O O O O

x131100010001000000000000000

o oo o

o oo o

o oo o

00 0O

O = -

0
0

0
0
0

1
1
1

0
0
1
1
1

0 0 O

100 0(0 0O 0 O

o oo o

0 0[{0 0 0 O
1 0/0 0 0 O

01

o oo o

o oo o

1

- OO ~

1 00
0 1|0

1 0|0 0 1

1 000

1 00 00 O O Of0 O 0 O

0|0 0
0

1

o oo o

o oo o

1 0 0|0 1
1

1

o OO o

o -0 o

1 0|0 0 0 0]O
110 0

1

0|0 0 0 0|0 O 1
1{0 0 0 0|0 0 1

0 0/0 0O 0 0|0 O O 0|0 O O O

1 0/(0 0 0 0OlO OO0 O[O O 0O

100 1/(0 O 0 0|0 O O O|O O O O

o oo

oo+ o

- o0 o

oo -

1 0|0 0 0 0|0 O

0 00 0 0 0|0 1

1 0 0|0 1
01 0(0 O

1

1

1 0 0[O0 O O O

oo+ o

o -0 o

o oo o

o -0 o

1 0 0j0 O 0 OfO

1/{0 0 0 0|0 0 O

0 0f0
1

1

0

110 0 O
0O 00 O 0 0|0 O O O

1 00

1

0|1

1/0 0 0 0|0 0 O O|O O O

- OO o

0 0/{0 0 0 0|0 O 0 O]O
1 0/(0 0 0 0|0 O 0 O0fO

0
0
0
0
0(0 1

0{0 0 0 0]O

00 0 00(0O O 1 0|0 O 0 0|0 O 1
0j0 0 0 0|]O OO OfO0O OO 1(0 0O 0 0|0 O O 1

0j0 0 0 0|0 O O OfO0 1
0j0 0 0 0|0 O O OfO0 O

x2|[0] 1

%2

xs|[o]0 o

5
X5X 0j{0 0 O
1%4

X

X1 x22

x1x2x3[|0] 0 O

X1X;
X§X3 ojo o
x5x4(|0/0 0 O

X xg

xox3%4/[0]/ 0 0 0 0|0 0 0 0[O0 0 0 0|0 0 O

x4|[0]0 0 0 0|0 O O

2
X,
3

4

2

X,
3
23

X2
X3
X3

NP-Complete Problems
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2
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=
=
»
k=
)
o
ar

Susan Margulies, US Naval Academy



Using Symmetry to Reduce the Size of the Linear System

Suppose a finite permutation group G acts on the variables
X1y.e.yXn.
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Using Symmetry to Reduce the Size of the Linear System

Suppose a finite permutation group G acts on the variables
X1, ...,Xp. Assume that the set F of polynomials is invariant under
the action of G, i.e., g(f;) € F for each f; € F.
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Using Symmetry to Reduce the Size of the Linear System

Suppose a finite permutation group G acts on the variables
X1, ...,Xp. Assume that the set F of polynomials is invariant under
the action of G, i.e., g(f;) € F for each f; € F.

We will use this group to reduce the size of the matrix.
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NP-Complete Problems

Hilbert's Nullstellensatz an

Susan Margulies, US Naval Academy
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Action of Z3 by (2,3,4): each row block represents an orbit.



Matrix associated with K, Nullstellensatz Certificate:

Mg 16

1= 2 |34 =L =2 =2 =2
€0[€12[¢€12|€12|€12]€23|¢23|€24(34

Orb(1)[[1]0]0]0]0]0]0|0]0
orb(x3)|[1[3]o]o]o]o]o]o]o0
orb(Zx)|[o]1[1[1[1]o]0o]0]0
orb(xix3)|[o]1[1[ofo[2]0]0]0
Orb(x;x2x3)|[0] 00| 1|1]|1]0]0]0
orb(3)|[o[o]1]o]ofo]1]1]0
orb(x2x3)|[o]ofo 100111
orb(x3xa)|[0]0]ofo1]o 111
Orb(xpx3xg)[|[0] O[O0 ]O0]O]O[O[O]3
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Matrix associated with K, Nullstellensatz Certificate:

Mg 16

1= 2 |34 =L =2 =2 =2 T =2 3 |4 =L [=2 |2 [=2
€0[€12[¢€12|€12|€12]€23|¢23|€24(34 €12|€12[€12]€12|23]€23]24|C34

o

Orb(1)[[1]0]0]0]0]0]0|0]0 Orb(1)[[1[0]0]0]0]0][0]0]0O
orb(x3)|[1[3]o]o]o]o]ofo]o0 orb(x)|[1[ 1]o]o]ofofo]o]o0
orb(Zx)|[o]1[1[1[1]o]0o]0]0 orb(xZx)|[o]1[1[11]0]0o]0]0
orb(a)[[0[1[1[0]o[2]0]0]0] M2 [Om(x3)|[0[1[1][0]0]0][0]0]0
Orb(x;x2x3)|[0] 00| 1|1]|1]0]0]0 Orb(x1x2x3)|[0] 0] 0| 1|1]|1|0]0]0
orb(3)|[o[o]1]o]ofo]1]1]0 orb(x3)|[ofo]1]o]ofo1]1]0
orb(x2x3)|[o]ofo 100111 orb(x2x3)|[0]ofof1]ofo 111
orb(x3xa)|[0]0]ofo1]o 111 orb(x3xa)|[0] 0o fo[1]o[1[1[1
Orb(xpx3xg)|[|[0] O[O ]O0]O]O[O[O]3 Orb(xpx3xg)[|[0] O[O [O]O]O[O[O[1
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Solution to Orbit Matrix Proves Certificate Existence

@ Theorem: Let K be an algebraically-closed field. Let
F={f,...,fs} CK[xy,...,x,| and suppose F is closed
under the action of the group G on the variables. Suppose
that the order of the group |G| and the characteristic of the
field K are relatively prime. Then, the degree d Nullstellensatz
linear system of equations Mr 4y = br 4 has a solution over
K if and only if the system of linear equations
ME 4.6Y = brd,c has a solution over K.
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Solution to Orbit Matrix Proves Certificate Existence

@ Theorem: Let K be an algebraically-closed field. Let
F={f,...,fs} CK[xy,...,x,| and suppose F is closed
under the action of the group G on the variables. Suppose
that the order of the group |G| and the characteristic of the
field K are relatively prime. Then, the degree d Nullstellensatz
linear system of equations Mr 4y = br 4 has a solution over
K if and only if the system of linear equations
ME 4.6Y = brd,c has a solution over K.

In other words, if the orbit matrix has a solution,
so does the original matrix.
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Winner of the INFORMS Computing Society Prize 2010

To Summarize

@ For the Independent Set and Partition problem, the
certificates are generally both high degree and dense.

@ For the Graph-3-coloring problem, the certificates are
surprisingly generally of low degree and sparse (with the
exception of the Nishihara-Mizuno graphs!)

@ The Nullstellensatz certificate of infeasibility helped identify a
new class of graph-3-coloring problems solvable in
polynomial-time!

@ There are lots of computational methods for exploiting the
structure of a Nullstellensatz-based algorithm: adding special
polynomials, searching for alternative-form certificates,
branching, and using symmetry.
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.

o (x2—1)=0,¥ie V(G) and (x +x) =0 ,(i,j) € E(G) (C)
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

5
9
4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.
3W—"2
o (x> -1)=0,Vie V(G) and (x; + x;) = 0,Y(i,j) € E(G) (C)
~ (4 -1)

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems



Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.

o (x2—1)=0,¥ie V(G)and (x +x) =0 ,Y(i,j) € E(G) (C)

1
- (Xg —1)+ EXO(XO + x1)
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.

o (x2—1)=0,¥ie V(G)and (x +x) =0 ,Y(i,j) € E(G) (C)

1 1
— (xg -1+ EX()(XO +x1) — EXO(XI + x2)
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.

3Y—2
o (x2—1)=0,¥ie V(G)and (x +x) =0 ,Y(i,j) € E(G) (C)

1 1 1
— (g -1+ §X0(X0 +x1) — EXO(XI +x2) + EXO(X2 + x3)
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.

o (x2—1)=0,¥ie V(G)and (x +x) =0 ,Y(i,j) € E(G) (C)

1 1 1
— (g -1+ §X0(X0 +x1) — EXO(XI +x2) + EXO(XZ + x3)

1
- §X0(X3 + xa)
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.

o (x2—1)=0,¥ie V(G)and (x +x) =0 ,Y(i,j) € E(G) (C)

1 1 1
— (g -1+ §X0(X0 +x1) — EXO(XI +x2) + EXO(XZ + x3)

1 1
— §X0(X3 + X4) + §X0(X4 + Xo)
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Nullstellensatz Certificates for Problems in P

Given a combinatorial problem in P, does there exist an encoding
such that the Nullstellensatz certificates have polynomial size?

@ Petersen Graph: 3-colorable, not-2-colorable

4 6 /1 A graph G is not-2-colorable
8 7 <= G contains an odd cycle.

o (x2—1)=0,¥ie V(G)and (x +x) =0 ,Y(i,j) € E(G) (C)

1 1 1
1= —(xg—1)+ EXO(XO +x1) — EXO(XI +x2) + EXO(XQ + x3)

1 1
— §X0(X3 + X4) + §X0(X4 + Xo)
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Perfect Matching: Definition and Example

o Perfect Matching: A graph G has a perfect matching if
there exists a set of matched edges such that every vertex is
incident on a matched edge.
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Perfect Matching: Definition and Example

o Perfect Matching: A graph G has a perfect matching if
there exists a set of matched edges such that every vertex is
incident on a matched edge.

o Example: Does this graph have a perfect matching?
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Perfect Matching: Definition and Example

o Perfect Matching: A graph G has a perfect matching if
there exists a set of matched edges such that every vertex is
incident on a matched edge.

o Example: Does this graph have a perfect matching? Yes!
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Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over C has a solution.

Y xj+1=0 Vie V(G)
JEN(I)
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Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over C has a solution.

d xj+1=0, xpxk=0 VieV(G),Vj ke N(i)
JEN(I)
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Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over C has a solution.
d xj+1=0, xpxk=0 VieV(G),Vj ke N(i)
JEN(I)
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Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over C has a solution.
d xj+1=0, xpxk=0 VieV(G),Vj ke N(i)
JEN(I)
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Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over C has a solution.

d xj+1=0, xpxk=0 VieV(G),Vj ke N(i)

JeN(i)
1—(—gx —gx —EX —gx —gx —gx —1)(—1+X + X2 + X03)
= (X2 — gXis — X — X3 — X — pxs — ¢ 01 + Xo2 + X03
4 4 1
+ (*g 02 — 03 + 2x3 — g)(*l + x01 + x12 + x13 + x14)
4 4 1
+ (—ng — 503 +2x13 — g)(—l + x02 + x12 + X23 + x24)
4 4 1
0 4 + (—ng Xt 2x12 — E)(_l + X03 + X13 + X203 + X34)
1 6 6 6 1
+ (ng + §X02 + gXo3 — 2x12 — 2x13 — 2X03 — g)(—l + x14 + x04 + X34)

+§xx +§xx —|—§ X +§xx —i X: +§XX +§xx
§ X01X02 T pX01X03 T £ X01X12 T £ X01X13 — £ X01X14 T £ X02X03 T £ X02X12

6 6 4
+ gXo3X13 + gXo3X23 — §X03X34 — 4x12x13 + 2X12X14 — 4X12X23 + 2X13X14 —

+ 2x03x04 + 2X23X34 + 2X12X24;
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Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over [F> has a solution.

Y xi+1=0, xpxk=0 VieV(G),Vj ke N(i)

JeN(i)
1—(—gx —gx —EX —gx —gx —gx —1)(—1+X + X2 + X03)
= (X2 — gXis — X — X3 — X — pxs — ¢ 01 + Xo2 + X03
4 4 1
+ (*g 02 — 03 + 2x3 — g)(*l + x01 + x12 + x13 + x14)
4 4 1
+ (—ng — 503 +2x13 — g)(—l + x02 + x12 + X23 + x24)
4 4 1
0 4 + (—ng Xt 2x12 — E)(_l + X03 + X13 + X203 + X34)
1 6 6 6 1
+ (ng + §X02 + gXo3 — 2x12 — 2x13 — 2X03 — g)(—l + x14 + x04 + X34)

+§xx +§xx —|—§ X +§xx —i X: +§XX +§xx
§ X01X02 T pX01X03 T £ X01X12 T £ X01X13 — £ X01X14 T £ X02X03 T £ X02X12

6 6 4
+ gXo3X13 + gXo3X23 — §X03X34 — 4x12x13 + 2X12X14 — 4X12X23 + 2X13X14 —

+ 2x03x04 + 2X23X34 + 2X12X24;
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Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over [ has a solution.

d xj+1=0, xjxe=0 Vi€ V(G),Vj ke N(i)
JeN()

1= (x01 + x02 + %03 + 1) + (x01 + x12 + x13 + 1)
0 4 + (x02 + x12 + X23 + x04 + 1)
1 + (X03 + x13 + X03 + X34 + 1)
2 + (X24 + x34 + 1) mod 2

Susan Margulies, US Naval Academy Hilbert's Nullstellensatz and NP-Complete Problems



Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over [ has a solution.

d xj+1=0, xjxe=0 Vi€ V(G),Vj ke N(i)
JeN()

1= (x01 + x02 + %03 + 1) + (x01 + x12 + x13 + 1)
0 4 + (x02 + x12 + X23 + x04 + 1)
1 + (X03 + x13 + X03 + X34 + 1)
2 + (X24 + x34 + 1) mod 2

@ Theorem: If a graph G has an odd number of vertices, there exists a
degree zero Nullstellensatz certificate.
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Perfect Matching as a System of Polynomial Equations

@ Proposition: A graph G has a perfect matching if and only if the
following system of polynomial equations over [ has a solution.

d xj+1=0, xjxe=0 Vi€ V(G),Vj ke N(i)
JeN()

1= (x01 + x02 + %03 + 1) + (x01 + x12 + x13 + 1)
0 4 + (x02 + x12 + X23 + x04 + 1)
1 + (X03 + x13 + X03 + X34 + 1)
2 + (X24 + x34 + 1) mod 2

@ Theorem: If a graph G has an odd number of vertices, there exists a
degree zero Nullstellensatz certificate.
@ Question: What about graphs with an even number of vertices?
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Perfect Matching and Bipartite Graphs

Theorem (Hall (1935))

A bipartite graph G(V(A, B), E) has a perfect matching if and
only if for every U C V[A], |U| < [N(U)].

|Ve| |U| |E| deg|||Vr| |U| |E| deg
4 2 10 7 3 34
4 3 10 7 4 33
5 2 17 7 5 34
5 3 16 7 6 37
5 4 17 8 2 50
6 2 26 8 3 46
6 3 24 8 4 44
6 4 24 8 5 44
6 5 26 8 6 46
72 37 8 7 50
7 3 34 9 4 57
7 4 33 9 5 56
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Perfect Matching and Bipartite Graphs

Theorem (Hall (1935))

A bipartite graph G(V(A, B), E) has a perfect matching if and
only if for every U C V[A], |U| < [N(U)].

Vel U] |E| deg]| [Vkl [U| |E| deg
4 2 10 17 3 34 1
4 3 10 1| 7 4 33 1
5 2 17 1| 7 5 34 1
5 3 16 1| 7 6 37 1
5 4 17 1| 8 2 50 1
6 2 26 1| 8 3 46 1
6 3 24 1| 8 4 44

6 4 24 1| 8 5 44

6 5 26 1| 8 6 46 1
7 2 37 1| 8 7 5 1
7 3 34 1/ 9 4 57 1
7 4 33 9 5 5 1
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Perfect Matching and Bipartite Graphs

Theorem (Hall (1935))

A bipartite graph G(V(A, B), E) has a perfect matching if and
only if for every U C V[A], |U| < [N(U)].

Vel U] |E| deg]| [Vkl [U| |E| deg
4 2 10 17 3 34 1
4 3 10 1| 7 4 33 1
5 2 17 1| 7 5 34 1
5 3 16 1| 7 6 37 1
5 4 17 1| 8 2 50 1
6 2 26 1| 8 3 46 1
6 3 24 1| 8 4 44 2
6 4 24 1| 8 5 44 2
6 5 26 1| 8 6 46 1
7 2 37 1| 8 7 5 1
7 3 34 1/ 9 4 57 1
7 4 33 2] 9 5 5 1
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Thank you for your attention!
Questions and comments are most welcome!
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