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Symmetric a-stable distribution

X follows SaS distribution (0 < a < 2) with scale parameter o > 0 (denoted
by X ~ SaS(0) ) if
E(eiOX) — e—o”‘\él"‘_
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Symmetric a-stable distribution

X follows SaS distribution (0 < a < 2) with scale parameter o > 0 (denoted
by X ~ SaS(0) ) if
E(eiOX) — e—o”‘\él"‘_

e a =2 = X ~ Normal.
e a=1 = X ~ Cauchy.

e Assume: 0 <a <2 = P(|X|>z)~cz *asx — o0.

In particular, E(|X|7) < oo if and only if p < c.
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Let (G, .) be a countable (possibly noncommutative) group with identity
element e.

{Xi}teq is called an SaS random field if for all k > 1, for all t1,ts,...,t € G
and for all ¢1,c¢a,...,cr € R,

k
Z ci Xy, ~ SaS.

i=1

An SasS random field {X;}ieq is (left) stationary if for all s € G,

{(Xoiheo E{X i hee-

Three most important cases: G = Z, G = Z% (d > 1), G = F.
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Nonsingular G-action

Let (G, -) be a countable group with identity element e. {¢;}:cq is called a
nonsingular (also known as quasi-invariant) G-action on a o-finite
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Let (G, -) be a countable group with identity element e. {¢;}:cq is called a
nonsingular (also known as quasi-invariant) G-action on a o-finite

(8,8, ) if

@ ¢:: S — S is a measurable map for each t € G,
@ ¢.(s) =sforall sesS,
° ¢t1.t2 = (btz o ¢t1 fOI' all tl;t2 S G7

@ pogy ~pforalted.
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Rosinski representation of a stationary Sa.S random field

Rosinski (1995, 2000), Sarkar and R. (2018): {X;}seq induces a nonsingular
G-action (and vice-versa) through an integral representation:
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G-action (and vice-versa) through an integral representation:

d 1/«
X, £ / i f o¢t(s)< o 1 (s)> M(ds), teG (1)
S dp
fe(s)
e M is an SaS random measure on a (S,8) with a

o-finite control measure p,
o feLlS ) = fieLl*S ) foreachteG,
o {¢:}tec is a nonsingular G-action on (S, S, u).

(1) is a fancy way of saying that each Y-8 | ¢;X;, ~ SaS(|| X5, ¢ifi:lla)-
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A Crash Course on von Neumann Algebras



Topologies on operators

B(H) := tsoa bdd linear operators on a separable Hilbert space H over C.
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e Norm topology (metrizable): T, — T in NT iff
[To — T == sup¢<1 [(Ta — T)E|| — 0.

» Too strong and restrictive.
» B(H) may not be separable.
» Difficult to carry out sophisticated analysis.

e Strong operator topology (not metrizable): T, — T in SOT iff
I(To, — T)E|| — 0 for all £ € H. [Topology of pointwise convergence on
(H, inner-product topology).]

e Weak operator topology (not metrizable): T,, — T in SOT iff
((To, = T)E,m) — 0 for all &,n € H. [Topology of pointwise convergence on
(H, weak topology).|
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Relation between these topologies

Conv in NT <= sup¢<1 [[(Ta — T)E[ — 0.
4K

Conv in SOT <= ||(To — T)&|| — 0 for all £ € H.
4K

Conv in WOT <= ((T, —T)&,m) — 0 for all §,n € H.

WOT < SOT < NT.

(Here “<” means strictly weaker topology.)
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Bicommutant theorem of von Neumann

Theorem (von Neumann)

Suppose M is a x-subalgebra of B(H) containing 1, the identity operator. Then
the following are equivalent:

@ M is closed in weak operator topology.
Q@ M is closed in strong operator topology.
Q@ M=(M) = M".
Here M' .= {T € B(H) : TA = AT for all A € M} is the commutant of M.
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Theorem (von Neumann)

Suppose M is a x-subalgebra of B(H) containing 1, the identity operator. Then
the following are equivalent:

@ M is closed in weak operator topology.
Q@ M is closed in strong operator topology.
Q@ M=(M) = M".
Here M' :={T € B(H) : TA = AT for all A € M} is the commutant of M.

The first two are analytic/topological properties while the third one is an
algebraic one.

A unital *-subalgebra of B(H) satisfying one (and hence all) of the above
equivalent conditions is called a von Neumann algebra.
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The central decomposition

Note that if M is a von Neumann algebra, then so is M’. We now define a
very important class (building blocks) of von Neumann algebras.

A von Neumann algebra M is called a factor if Z(M):= M N M' :=
{T e M:TA=AT for all A€ M} =Cl1 (i.e., the centre is trivial).
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such that
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{T e M:TA=AT for all A€ M} =Cl1 (i.e., the centre is trivial).

Theorem (von Neumann)

Any von Neumann algebra can be decomposed as a direct sum (or more
generally, “direct integral”) of factors: there exists a measure space (Y,Y, p)
such that

M :/ M, p(dy) (direct integral; see Knudby (2011)),
v

where M, is a factor for p-almost all y € Y.

Enough (for a von Neumann algebraist) to study and classify factors.
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e Factors can be classified into various types based on (roughly speaking)
the number of distinct sizes of projections they contain and whether (or
not) they admit a normalized trace.
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e Factors can be classified into various types based on (roughly speaking)
the number of distinct sizes of projections they contain and whether (or
not) they admit a normalized trace.

@ Major breakthrough in von Neumann algebra and had immense
contribution even in ergodic theory (thanks to Krieger (1969)).

e Many stalwarts (e.g., Connes, Dye, Feldman, Krieger, Weiss, etc.)
developed ergodic theory and von Neumann algebra together in 70’s - 90’s.

e This connection is still a cutting edge research area (because of eminent
mathematicians like Ioana, Popa, Vaes, etc. + their students and
post-docs).

o Our work simply encashes this interplay and produces results for
stationary SaS random fields.
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Type 11; factors

A factor is of type 11, if M contains uncountably many projections of distinct
sizes (in some sense) and it admits a normalized trace.
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A von Neumann algebra M is said to admit no 1y factor in its central
decomposition if M has a central decomposition
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Type 11; factors

A factor is of type 11, if M contains uncountably many projections of distinct
sizes (in some sense) and it admits a normalized trace.

Definition

A von Neumann algebra M is said to admit no 1y factor in its central
decomposition if M has a central decomposition

M:/ M, p(dy) (direct integral),
Y

such that for p-almost all y € Y, M, is not a factor of type I1;.

If Y is countable with p being the counting measure, then the direct integral
becomes a direct sum (M = &,y M,) of factors. In this special case, the
above definition is equivalent to saying no M, is a type II; factor.

Parthanil Roy Stable fields and vN Algebras June 22, 2018 16 / 30



Cr

o]
it
Tl

fHac



H=C" = B(H)=M,(C)

«O> (Fr «E»r < ) o
~ ParthanilRoy @ Stable fields and vN Algebras =~ June 22, 2018 17 / 30



An easy example

H=C" = B(H)=M,(C)=tsoan xn matrices with complex entries.
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An easy example

H=C" = B(H)=M,(C)=tsoan xn matrices with complex entries.

East to show: Z(M,(C)) = C1 = tsoa scalar matrices = M,(C)isa
factor.

It does admit a trace but it has projections of “finitely many distinct sizes
0<1<2<---<n” Hence it is not a type II; factor.

In particular, B(C™) = M,,(C) admits no II; factor in its central
decomposition.

Parthanil Roy Stable fields and vN Algebras June 22, 2018
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“Group measure space construction”
e (G,-) is a countable group with identity element e.

e (5,8, ) is a o-finite standard measure space

o {¢:}iee is a nonsingular G-action on (S, S, i)

Parthanil Roy Stable fields and vN Algebras June 22, 2018

19 / 30



“Group measure space construction”
e (G,-) is a countable group with identity element e.

e (5,8, ) is a o-finite standard measure space

o {¢:}iee is a nonsingular G-action on (S, S, i)

“Definition”

Following/extending the work of Murray and von Neumann (1936) (in the
measure-preserving case), one can construct a von Neumann algebra (as a
subalgebra of B({2(G) @ LZ(S, 1)) that “encodes the ergodic theoretic features”
of {¢t}iec

. This von

Neumann algebra is called group measure space construction.
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“Group measure space construction”

e (G,-) is a countable group with identity element e.
e (5,8, ) is a o-finite standard measure space

o {¢:}iee is a nonsingular G-action on (S, S, i)

“Definition”
Following/extending the work of Murray and von Neumann (1936) (in the
measure-preserving case), one can construct a von Neumann algebra (as a

subalgebra of B({2(G) @ LZ(S, 1)) that “encodes the ergodic theoretic features”
of {$t}iec

. This von

Neumann algebra is called group measure space construction.

Notation: L£Z(S, ) X4,y G or simply  LZ(S,pu) x G.
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A (slightly) difficult example

A nonsingular action {¢;}eq on (S, u) is called free if for all t € G\ {e},
@+(8) # s for p-almost all s € S (i.e., only e fizes anything significant (mod

1))
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A (slightly) difficult example

A nonsingular action {¢;}eq on (S, u) is called free if for all t € G\ {e},
@+(8) # s for p-almost all s € S (i.e., only e fizes anything significant (mod

1))

A nonsingular action {¢:}req on (S, p) is called ergodic if p:(A) = A (mod 1)
for all t € G implies either ;(A) =0 or u(A°) =0 (i.e., the o-field of
{¢+}-invariant sets is p-trivial).

Take a measure-preserving, free and ergodic action {¢;};cq on a finite
standard measure space (S, S, u) (e.g., irrational rotation of circle).

It can be shown (nontrivial): £°(S, ) x G is a type 11 factor.
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Ergodic theory and von Neumann algebra

Theorem

Suppose {dt}icq is a nonsingular action of a countable group G on a o-finite
standard measure space (S,S, ). Then the following hold:

@ If the action {¢:}icq is free and ergodic, then LX(S, 1) x G is a factor.

@ Conversely, if L (S, 1) X G is a factor, then the {¢.}icq is ergodic but
not necessarily free.
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How good is the connection?

Rosinski Representation

Stable Random
Field

Nonsingular
Group Action

Murray and
von Neumann (1936)

(Unigue)

Question: Unique?

Answer: Yes (provided the
Rosinski representation is
minimal) Group Measure

Space Constr
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The minimal group measure space construction

Theorem (R. (20187))

Suppose {Xi}ieq is a (left) stationary SaS random field indexed by a

countable group G. Let {¢§1)}teg and {(;5,(52)},566; be two nonsingular G-actions
(on (SO, M) and (S, u?), respectively) obtained from two minimal (and
hence Rosinski) representations. Then

LE(SW, M) % G = LE (5P, 1) x @
as von Neumann algebras. In particular, group measure space construction is

an invariant for any minimal representation of a fived stationary SaS random

field.
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The minimal group measure space construction

Theorem (R. (20187))

Suppose {Xi}ieq is a (left) stationary SaS random field indexed by a

countable group G. Let {¢§1)}teg and {(;5,(52)},566; be two nonsingular G-actions
(on (SO, M) and (S, u?), respectively) obtained from two minimal (and
hence Rosinski) representations. Then

LE(SW, M) % G = LE (5P, 1) x @

as von Neumann algebras. In particular, group measure space construction is
an invariant for any minimal representation of a fived stationary SaS random

field.

{¢§1)} = {ngQ)} as group actions (extension of Theorem 3.6 of Rosinski (1995))
= they are “orbit equivalent” = L&(SM, uV)x G = LX(S?, 1P)xG. O

Parthanil Roy Stable fields and vN Algebras June 22, 2018 24 / 30



What about any Rosinski representation?
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What about any Rosinski representation?

e Since any Rosinski representation “can be written in terms of” any
minimal representation, we conjecture that many von Neumann algebraic
aspects of the corresponding group measure space construction will
become invariants as well.
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e Since any Rosinski representation “can be written in terms of” any
minimal representation, we conjecture that many von Neumann algebraic
aspects of the corresponding group measure space construction will
become invariants as well.

e We have exhibited one such instance in this work when G = Z2.
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What about any Rosinski representation?

e Since any Rosinski representation “can be written in terms of” any
minimal representation, we conjecture that many von Neumann algebraic
aspects of the corresponding group measure space construction will
become invariants as well.

e We have exhibited one such instance in this work when G = Z2.

o From now on G' = Z? (unless mentioned otherwise).
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Ergodicity of Z%-indexed stable fields

Recall that any left-stationary SaS random field X = {X;},cz4 induces a
measure-preserving left-shift action (of Z¢) on (RZJ,PX), where

Px = law of X ::P({w €Q: (Xy(w):tezt) e })
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e Ensures use of multiparameter ergodic theorem and increases the
mathematical tractability of various probabilistic and statistical aspects:
limit theorems (talk of Andreas), large deviations, statistical inference, etc.

Parthanil Roy Stable fields and vN Algebras June 22, 2018 26 / 30



Ergodicity of Z%-indexed stable fields

Recall that any left-stationary SaS random field X = {X;},cz4 induces a
measure-preserving left-shift action (of Z¢) on (de,PX), where

Px = law of X ::P({w €Q: (Xy(w):tezt) e })

{Xi}iega is called ergodic if the above shift action is so. \

Question: When is {X;};cz¢ ergodic?

e Ensures use of multiparameter ergodic theorem and increases the
mathematical tractability of various probabilistic and statistical aspects:
limit theorems (talk of Andreas), large deviations, statistical inference, etc.

e d = 1: Samorodnitsky (2005): the underlying action has no positive part.

Parthanil Roy Stable fields and vN Algebras June 22, 2018 26 / 30



Ergodicity of Z%-indexed stable fields

Recall that any left-stationary SaS random field X = {X;},cz4 induces a
measure-preserving left-shift action (of Z¢) on (de,PX), where

Px = law of X ::P({w €Q: (Xy(w):tezt) e })

{Xi}iega is called ergodic if the above shift action is so. \

Question: When is {X;};cz¢ ergodic?

e Ensures use of multiparameter ergodic theorem and increases the
mathematical tractability of various probabilistic and statistical aspects:
limit theorems (talk of Andreas), large deviations, statistical inference, etc.

e d = 1: Samorodnitsky (2005): the underlying action has no positive part.
e d > 1: Wang, R. and Stoev (2013) extended the above work.

Parthanil Roy Stable fields and vN Algebras June 22, 2018 26 / 30



Ergodicity of Z%-indexed stable fields

Recall that any left-stationary SaS random field X = {X;},cz4 induces a
measure-preserving left-shift action (of Z¢) on (de,PX), where

Px = law of X ::P({w €Q: (Xy(w):tezt) e })

{Xi}iega is called ergodic if the above shift action is so. \

Question: When is {X;};cz¢ ergodic?

e Ensures use of multiparameter ergodic theorem and increases the
mathematical tractability of various probabilistic and statistical aspects:
limit theorems (talk of Andreas), large deviations, statistical inference, etc.

e d = 1: Samorodnitsky (2005): the underlying action has no positive part.
e d > 1: Wang, R. and Stoev (2013) extended the above work.

e This work: Characterization using group measure space construction.
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von Neumann algebraic characterization of ergodicty

Theorem (R. (20187))

Suppose {Xi}ieza is a stationary SaS random field generated by a free
nonsingular action {¢:}icza. Then {Xi}iega is ergodic if and only if the

corresponding group measure space construction admits no 11, factor in its
central decomposition.
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Theorem (R. (20187))

Suppose {Xi}ieza is a stationary SaS random field generated by a free
nonsingular action {¢:}icza. Then {Xi}iega is ergodic if and only if the

corresponding group measure space construction admits no 11, factor in its
central decomposition.

“Admitting no 11, factor in the central decomposition” is an invariant for any
“free Rosinski representation”.
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von Neumann algebraic characterization of ergodicty

Theorem (R. (20187))

Suppose {Xi}ieza is a stationary SaS random field generated by a free
nonsingular action {¢:}icza. Then {Xi}iega is ergodic if and only if the

corresponding group measure space construction admits no 11, factor in its
central decomposition.

“Admitting no 11, factor in the central decomposition” is an invariant for any
“free Rosinski representation”.

Ergodicity of a stationary Sa.S random fields is preserved under “orbit
equivalence” of the underlying free nonsingular Z¢-actions.
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Sketch of proof

e Can we prove it when the action {¢;},cz« is also ergodic?
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Sketch of proof

e Can we prove it when the action {¢;},cz« is also ergodic? Yes we can.
Thanks to

> a fact from von Neumann Algebras: if {¢:}req s free and ergodic, then the
factor L& (S, n) x G is of type 111 if and only if there ezists a
{¢+ }-invariant finite measure v ~ u, and

» Theorem 4.1 of Wang, R. and Stoev (2013).

e What about the general case? Use

> ergodic decomposition for a nonsingular action on a
(Corollary 6.9 in Schmidt (1976)), and

> its camonical connection to the central decomposition of the corresponding
group measure space construction (Bratteli and Robinson (1979), Ch 4).

e From the proof, it transpires that
> “free” can be replaced by “ergodically free” everywhere;
» if the action is positive (talk of Olivier Durieu), then (almost) all the
factors will be of type I11;
» same characterization of ergodicity holds for max-stable fields.
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Open problems and future directions
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e When will a stationary Sa.S random field be mixing? Connection to
Dombry and Kabluchko (2016) (for max-stable fields).
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Open problems and future directions

e Ergodicity for stationary Sa.S random fields indexed by G # Z9?

e When will a stationary Sa.S random field be mixing? Connection to
Dombry and Kabluchko (2016) (for max-stable fields).

@ We have also calibrated the increments of SSSI SaS processes introduced
by Cohen and Samorodnitsky (2006) (known to be ergodic) wrt our
results - all the factors in the central decomposition is of type III. What
about the ones obtained as limit by Dombry and Guillotin-Plantard
(2009) and Owada and Samorodnitsky (2015)7
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Thank You Very Much
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