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Overview ﬂ(“.

P

revious lectures:

® GL(2)/F adelically (Kenichi)

Rankin-Selberg L-functions following Jacquet, Piatetski-Shapiro and Shalika
The relative modular symbol and algebraicity of special values

a
[
a Archmedean periods: Non-vanishing and period relations
a

p-adic distributions attached to finite slope classes
(Kazhdan-Mazur-Schmidt, Schmidt, J.)

Boundedness in the nearly ordinary case
(Schmidt, J.)

Functional equation

()

Manin congruences and independence of weight

()

This lecture:

Interpolation formulae
(Schmidt, J.)
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Hecke algebras ﬂ(“.

p fixed rational prime

Fy/Qp finite extension, O, C F, valuation ring
p € Op maximal ideal, @ € p uniformizer
n>1,e=(e); € 2" dominant if

Bn
n
oo
we
lo

Us

Hzx’,a

e1 = € = - 2 e

ThUn C GL, upper triangular Borel

{k € GLy(Fp) | k € Ba(Op/p") and k € Un(Op /p*)}

diag(@®, 0%, ..., @®) € GLp(Fp)

@%n (N = diag(@" @" ..., @) € GLn(Fp)

@, = N w0l
ueUn(Oyp)/@eU(Oy )¢

Z[{I}) ,@%l] , | edominantand e Ty(Op)}]

HO,“[TH(Op/p"‘,)} commutative Z-algebra
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Hecke algebras ﬂ(“.

wy, = (1,...,1,0,...,0) v-th fundamental weight
—
v n—v
usy for 1 <v < ngenerate Ho,
n
v=1
Parabolic Hecke algebra
57 = o N Ba(Fy)
HE = Z[{1Br@®el® | ecZande e Ty(0y)}]
™ B lig 0 0 B B
Uy = 11 0 @ 0 |77 eHT
0 0 1,

Hya C 7—[5’," and

v(v=1)

q 2 -UZ}JV = U1Dg---Dy
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p-stabilization: spherical case ﬂ(“.

Spherical Hecke algbebra
Ty = lpo@ o € Hoo

The reciprocal Hecke polynomial

n

HX) = Y (=1)'q" 2" T,X"" € #73(0,0)[X]
v=0
admits a factorization (Gritsenko)
n ~
He(X) = [T(X—Uy) (1)
i=1

Using (1), we can p-stabilize in spherical representations I1y,:
Fix n Hecke roots a4, ..., an_1,0n € C,i.e.

Hiw) - 11,7 = 0
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p-stabilization: spherical case ﬂ(“.

Consider the operator

n n—1 . ) )

sz1 ..... H H /q17/U2;/71 - U;)I)
i=1 j=1
JEI

Proposition (Kazhdan-Mazur-Schmidt)
Forany W, € # (I1,, 1, )CLn(Or) ;

U(%]v ! Pﬂt1 ----- Xp—q " WP

j Pﬂ(1 ----- Xp—1 ' Wp

- Wy(1n) # 0 (explicit formula)

Problem: If I, is not spherical, we may still apply P, ...a, 4
but the result vanishes at 1, if ramification is too deep.
(use Miyauchi’s, Kondo-Yasuda’s and Matringe’s computations)

to essential vectors,
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p-stabilization: general case ﬂ(“.

Assume ITis a regular algebraic cuspidal representation of GL,(AF)
— /n,
Fix an embedding Q(IT) — Qp, assume (H,ﬁ‘ ,a) £0
ord

Proposition (Hida)

m There is a character A : Tp(Fp) — Q(IT)* with

GLn(Fp) /¥
My, = *Indg, " (3)

where A = |- " A @ |- |"2A @ ® Ap
JBN(HP) = @ X&}
wWEW(GLy, Th)

w For ¢ inthe A% -isotypic component of Jg, (I1p):

v(v

U -9 = g2 A% @) - ¢
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p-stabilization: general case AT
Building on Hida’s observation, it is not difficult to show

Proposition

w The Uy-ordinary vectors in # (I1,, g, ) Y"(O%) lie in a unique line

® 3w € W(GLy, Tp) : For every Up-ordinary W, € # (T, tp)Y(Or) :

v(v—1)
U(Cgv . Wp — q, <2 /\w(wwu) . Wp

w For every non-zero Up-ordinary W, € # (I, ) Yn(Or) :
Wp(15) # 0

Remark: In the Shalika case of GL(2n) we face several complications:
w Up=FEl B, wn=(1..., 1,0,..., 0) € X(T»,) is not regular
a W, (125) # 0 requires careful study of intertwining operators

m Current methods need W, (diag(1,, wp)) # 0
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Local Birch Lemma ﬂ(“.

Back in the Rankin-Selberg context:
W, € 7 (I ¢p)
1\
W, € W (Zp g, )=

1
o

0 : Thi(Fp) —>C*
9, N Tn(Fp) — c><
0RO =1y — CX

Assume W, and W, are of Nebentypus 6 and ¢’, i.e.
Vre e Wo(=r) = 6(r) Wy(-)
vr ey Wy(=r') = 0'(r') - Wy(-)
X : Fy' — C* quasi-character. If forall 1 <v < pu < n
The conductors f, gum g = (fygeug ) Of x6,"6, are non-trivial, and all agree

We say that x6, " 6], have fully supported constant conductor.
This is always the case whenever y is sufficiently ramified.
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Local Birch Lemma ﬂ(".

Theorem (Local Birch Lemma, Schmidt 2001, J., 2009, 2017)

n+1 n
Let Wy @ W, € #/(TTy, y) e @ W, € #/(Zp, ¢ 1) of Nebentypus 6 @ 6/
Assume that for1 <v <u <n, xe,‘f’" 0], have fully supported constant conductor
fr000 | f = c@". Then for every s € C,

_1
W, (diag(g. 1) - hn - diag(t_r, 1)) W;, (g - ) x(det(g)) |det(9)|* 2 dg
Un(Fyp)\GLn(Fp)

(n+2)(n+1)n 1-s

= ﬁ (1- C77”)_1 “N(fyoer) ©

=1

n M
< [TT1 [ 6", (oo 'G(XGW"f)/)]

u=1v=1
X Wp(dlag(tf%:)/, )) - W/( 1)

X060’

-t

x00’

=

—_

10 2018-10-24  F.Januszewski p-adic L-functions for GL(n+ 1) x GL(n) IV BIRS-CMO Oaxaca



Local Birch Lemma ﬂ(“.

Proof: (rough sketch)
1) Put J] = ker [GL,,(Op) — GLp (O, /ff)] and decompose:

eczZ"
weW(GLp, Tp)
re%‘;é(e)

with a system of representatives Ry, for 15y Nw™ By (Op)w/Jy]

2) Fix a system of representatives 7y, C Tp(Oy) for To(Op /§).
Consider the corresponding ‘partial integrals’

Zo(siWo, Wi 0,6.0,r) = Y pp(AS(@PwTr)) - W, (@Cw?r - Dawp)
YE€Tne

1
x W) (@°wr) - x(@°wTr) - |det(@°wr)|* 2

3) Prove the following technical Lemma
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Local Birch Lemma

Karlsruhe Institute of Technology

Lemma
Letse C,ec 2", w e W(GLp, Tp), ¢ € Z sufficiently large, and § € Z. Then

(i)
(ii)

(iii)

(iv)

12

Zn(s; Wy, W, 6, e, w, r) is independent of the choice of Ty, .
Assume thatforalli1 <v<nandy=n+1-v,

c(x0u8,) > 0 @)
is satisfied. Then Zn(s; W,, W, 6, e, w, r) vanishes unless
en = d+a-(n+1—0(n) = c(X0ni1-o(mbn) (3)

If conditions (2) and (3) are satisfied, and if the exponent in (2) is independent of v,
then Z,(s; Wy, W;, 8, e, w, r) vanishes unless c(n) = nand for1 <v < n,

| = |£77] )
If the hypotheses of (iii) are satisfied, we may assume without loss of generality that
=" and rmy = —f"Vfor2<v<n. (5)

If additionally, (2) holds for all1 <v < u < n, then
n
Zn(s: Wy, Wy, 8, 0.0,7) = x0"0' (Bn) - T 10270} (fguny ) - G /T gpney) - Cx070,)
v=1

;
x W, (@%wr - Dawy) - W) (@°wr) - x(@°wr) - |det(@®)[* 2
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Local Birch Lemma

Karlsruhe Institute of Technology

4) The Lemma allows for an inductive argument:
Zo(5 W, v,6, 8.0, jn_10(F)Cn)
= “Den| ’ 9Wn9 H XOnt1-10 ( ngﬂg/) 'm(f//fxgl"/vngl@) : G(XGKV"%)

x W, (/nen(w%f>cn~Dan)~Wp(/n,en< @%@T)C)  X(lner (@°@F) Cr) - | @®
—erm 8, (Figpney ) - N /Fygumy) - CxO6))
W\S B x(@) - x0'(Cn) - x0"6' (By)
X Wy (jne, (@P@F)Co - Down) - Wy (jne, (@°@F)) - Xine, (@°@F)) - @
=TT 0ni -l (fazn) 9 g - GO0

3@ x6 (jn-1.0(B;"1)Cn) - x6"9'(B)
X (A %1 (@P@FBy 1) x W, (/,,en(a) @Byt - Dy 1 W 1)) - Wy ljne, (©°@7By 1))

% |wen‘5*2 .

e|°72

X X en(@° @By 1)) - |@
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Local Birch Lemma ﬂ(“.

—ernﬂ 8, (Fgpnay ) - NG /T ygumy) - GXO6L)

Iwe”\ z ") 6" (Bn)

“x(@®
X P(An % (@P@TBy 1) - Wp (jne, (@°@FBy1 - Dn-1Wy1)) - Wy line, (@°@TBy 1))
. s—}
X Xlnen (@°@TBy 1)) - [@%@TBy 1| *
5) Using this, we can finally prove the following key lemma:

Lemma

Assume that Xeﬁ” 0., have fully supported constant conductor for1 <v < u < n.
Define v := a — c(x6,"0!). Then foralle € Z", w € W(GLp, Tp),

¢>max{2n,n— e /a,..., n—ep/a} andé € Z, we have
_1
vol (Un(O)@°Jyp) ~dewewmw ¥(A%(9)) Wy (g - Dawn) Wi (9)x(det(g)) |det(g)|* 2
n+1)n n—1)

"
=N (fy00) H 6" (By) - [T gy )~ X0 6L(F g g, ) G(x60"61)
v=1

X Wy (@) W, (@ )( )|¢oe|3*% if (€, @) = (G + (8),15) and 0 otherwise.
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Local Birch Lemma ﬂ( T

arlsruhe Institute of Technology

6) Relate the matrices By, Cp, Dywp to hp diag(t_¢, 1) and conclude the proof.
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Global Birch Lemma ﬂ(“.

F/Q finite, p any rational prime
IT and ¥ cuspidal automorphic representations of GL,.1(Ag) and GLy(Afg)
Find a Q(IT, X)-rational W(P®) ¢ »/ (T1(P®), p(P=)) @y (£(P) 1(P=).~1) satisfying

¥(s; WP)) = [P)(sTTx %)
For x : F*\Af — C*, finite order, unramified outside pco,
¥(s; WP®) . x(P) (det,—)) = [easy factor] - LP) (s, TI x @ x)

Recall: G =resg,qGL(n+1) x GL(n), T = Tpy1 x Tp € G diagonal torus

®: T(Qp) — C* quasi-character, Nebenypus of I, ® Z, in the strict sense:

There is a non-zero W, € # (I1p, p) ® W(Zp, 1, ') kee satisfying

w Wp(—r) =8(r)Wp(-)

a Vp|p: Up'W,=8(@“)W,

Assume that x¢ has fully supported constant conductor at p in the following sense:
For 1 <v < u < nthe conductors fx9,., are all equal and divisible by all p | p
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Global Birch Lemma ﬂ(".

For any We € # (Tss, o) ©# (Lo, Yo' ) coOnsider the inverse Fourier transform of
W= We @ Wp @ Wre)

pw € TIOZ C L3(G(Q)\G(A))

Theorem (Global Birch Lemma, Schmidt, 2001, J., 2009, 2017)
Foreverys € C:

I ow(g-ht) x(det(g)) |det(g)|* 2 dg

H(Q)\H(A)
_ (n+2)(n+1)n+(n+1)n(n-1) _ (n+1)n(n—-1)
= Y(8; Weo - Xoo(detz—))d(Wp) N(F) o N(fxe) ™ o
n 1_
XHHG){&VV O(18) - TP (s TIxT@y)
u=1v=

n -\ !
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Abelian p-adic L-functions ﬂ(“'

Theorem (Schmidt, Kazhdan-Mazur-Schmidt, Kasten-Schmidt, Sun, J.)

Let F/Q be a number field, TIQX. an irreducible regular algebraic cuspidal
automorphic representation of G(A) of cohomological weight A. Assume:

(i) A is balanced.

(i) TI®X. is nearly ordinary at a prime p with p-Nebentypus ¢ : T(Qp) — C*.
Then there are complex periods Q/S € C* and a unique p-adic measure
Hres € OQ(H®Z)[[CF(p“)]] with the following property.

For every sy = 1? -+ j critical for L(s, H@)Z), for all x of finite order, unramified
outside poo, such that xp¢ has fully supported constant conductor f.:

X(O)WE(X) (XY digas () =
Cr(p™)

LP) (s, TIRE ® x)

i(n+1)n _ (n+1)n(n—1) n n I
j .
Nl 2 H|:|1 U|:|1 G(xBy,v) o Vsenx
j
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Non-abelian p-adic L-functions ﬂ(“'

F/Q: CM or totally real

or assume existence of Galois representations for torsion classes for G
m : non-Eisenstein maximal ideal in Hida’s universal hy,q (K 00; O)
Assume K of full level outside p. Recall the canonical element

v _ A0 Qo+ .
Loy — /W) a0 € HO (K oo )
Theorem (J., 2017)

For every classical point { € Spec hg(r’;"’ (Ky o O)m (E) of regular balanced weight

A and p-Nebentyp 9, such that sy = } is critical for L(s, 1z &Xz):

0—1 . Luniv _ / d N
gvp 6( p,m) -CF(p°°) VH§®2§

LP) (3, T5%,)
O

I
2
S
—-
=

G(Oyv) -

The second identity is valid whenever ¢ has fully supported constant conductor.
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Concluding remarks

B\

Karlsruhe Institute of Technology

The same construction works in the finite slope case. Here we obtain a
unique locally analytic distribution on 25, provided the slope is not larger than
the number of critical values.

Establishing the interpolation formula in the fully supported conductor case
should be within reach.

In the unramified case, the complete interpolation formula for n = 2 has been
obtained by direct computation.

By appropriate stabilization outside p it should be possible to allow for
non-abelian interpolation with tame level.

The recent progress on rational period relations is promising, but remains
difficult.

Integral period relations remain an open problem.

Similar results and remarks apply in the Shalika case for GL(2n)
(Ash-Ginzburg, Gehrmann, Dimitrov-J.-Raghuram).
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The end.

Karlsruhe Institute of Technology

Thank you for your attention.
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