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Consider the optimization problem

minx∈H{f (x) + g(Lx)} (1)
I f : H → R ∪ {+∞} and g : G → R ∪ {+∞} are proper,

convex and lower semicontinuous functions
I H and G are real Hilbert spaces
I L : H → G is a linear continuous operator.

If (1) has an optimal solution x ∈ H and
0 ∈ sqri(dom g − L(dom f )),

the optimality conditions read:
0 ∈ ∂f (x) + L∗∂g(Lx)

hence there exists v ∈ G such that:
−L∗v ∈ ∂f (x) and v ∈ ∂g(Lx) (2).

If (2) holds, x is solves (1) and v solves the Fenchel dual problem:
maxv∈G{−f ∗(−L∗v)− g∗(v)}.
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Methods for solving the optimization problem

minx∈H{f (x) + g(Lx)} (1).
Primal-dual splitting algorithms (Combettes, Chambolle, Pock,
Condat, Vu, Pesquet, Boţ, etc.):

xk+1 = proxτ f

(
xk − τL∗(2yk − yk−1)

)
yk+1 = proxσg∗

(
yk + σLxk+1

)
.

I the nosnmooth functions are evaluated separately through
their proximal operators

proxτ f (x) = argmin
y∈H

{
f (y) + 1

2τ ‖y − x‖2
}

= (Id+τ∂f )−1(x).

I the algorithm solves both primal and Fenchel dual problem
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ADMM (alternating direction method of multipliers):

xk+1 ∈ argmin
x∈Rn

Lc(x , zk , yk) = argmin
x∈Rn

{
f (x) + c

2‖Lx − zk + c−1yk‖2
}

zk+1 = argmin
z∈Rm

Lc(xk+1, z , yk) = argmin
z∈Rm

{
g(z) + c

2‖Lx
k+1 − z + c−1yk‖2

}
yk+1 = yk + c(Lxk+1 − zk+1).

where

Lc(x , z , y) = f (x) + g(z) + 〈y , Lx − z〉+ c
2‖Lx − z‖2.

is the augmented Lagrangian associated to (1).
I Notice that the first minimization is not a proximal step, due to L.
I in very simple situations, like f (x) = (1/2)‖x‖2, the first

minimization requires (Id+L∗L)−1

Proximal ADMM overcomes these limitations: add some extra proximal
terms in the above minimizations.
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Main results presented in this talk:
I a unifying scheme: an algorithm for solving monotone

inclusions which recovers many of the algorithms mentioned
above

I convergence analysis
I several algorithms from the literature as special instances

I convergence rates for the iterates: variable metric techniques
with strategies based on suitable choice of dynamical step
sizes

I convergence rates
I several algorithms from the literature as particular cases
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Problem formulation

The aim is to solve the primal monotone inclusion

find x ∈ H such that 0 ∈ Ax + (L∗ ◦ B ◦ L)x + Cx ,

together with its dual monotone inclusion

find v ∈ G such that ∃x ∈ H : −L∗v ∈ Ax + Cx and v ∈ B(Lx).

I A : H⇒ H and B : G ⇒ G are maximally monotone operators
I C : H → H is η-cocoercive: 〈x − y ,Cx − Cy〉 ≥ η‖Cx − Cy‖2

I L : H → G is linear and continuous

We are looking for a primal-dual solution (x , v) ∈ H × G:

− L∗v ∈ Ax + Cx and v ∈ B(Lx).
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Algorithm

xk+1 =
(
cL∗L + Mk

1 + A
)−1 [

cL∗(zk − c−1yk) + Mk
1 xk − Cxk

]
zk+1 =

(
Id+c−1Mk

2 + c−1B
)−1 [

Lxk+1 + c−1yk + c−1Mk
2 zk

]
yk+1 = yk + c(Lxk+1 − zk+1).

I Mk
1 ∈ S+(H), Mk

2 ∈ S+(G) for all k
I S+(H) : the operators U : H → H which are linear,

continuous, self-adjoint and positive semidefinite
I cL∗L + Mk

1 ∈ Pαk (H) for all k, with αk > 0
I Pα(H) := {U ∈ S+(H) : U < α Id i.e. 〈Ux , x〉 ≥ α‖x‖2 ∀x ∈ H}.
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Algorithm

xk+1 =
(
cL∗L + Mk

1 + A
)−1 [

cL∗(zk − c−1yk) + Mk
1 xk − Cxk

]
zk+1 =

(
Id+c−1Mk

2 + c−1B
)−1 [

Lxk+1 + c−1yk + c−1Mk
2 zk

]
yk+1 = yk + c(Lxk+1 − zk+1).
The algorithm is well defined:

if U ∈ Pα(H) α > 0,A : H⇒ H maximally monotone,
then:

∀ x ∈ H, ∃!p ∈ H such that p = (U + A)−1x .
This follows from

(U + A)−1 = (Id+U−1A)−1 ◦ U−1

and
U−1A is maximally monotone in (H, 〈·, ·〉U)

where
〈x , y〉U := 〈x ,Uy〉 ∀x , y ∈ H.
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The first two relations are equivalent to
0 ∈ A(xk+1)+ cL∗(Lxk+1− zk + c−1yk)+Mk

1 (xk+1−xk)+C(xk),
0 ∈ Bzk+1 + c(−Lxk+1 + zk+1 − c−1yk) + Mk

2 (zk+1 − zk).
Particular cases: Proximal ADMM and classical ADMM
Take the variational case

A = ∂f ,B = ∂g and C = ∇h.
0 ∈ ∂f (xk+1)+cL∗(Lxk+1−zk +c−1yk)+Mk

1 (xk+1−xk)+∇h(xk)
is equivalent to

xk+1 = argmin
x∈H

{
f (x)+〈x−xk ,∇h(xk)〉+c

2‖Lx−z
k+c−1yk‖2+1

2‖x−x
k‖2

Mk
1

}
.

while
0 ∈ ∂g(zk+1) + c(−Lxk+1 + zk+1 − c−1yk) + Mk

2 (zk+1 − zk)
is equivalent to

zk+1 = argmin
z∈G

{
g(z) + c

2‖Lx
k+1 − z + c−1yk‖2 + 1

2‖z − zk‖2
Mk

2

}
.
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This particular case leads to

xk+1 = argminx∈H
{
f (x)+〈x−xk ,∇h(xk)〉+c

2‖Lx−z
k+c−1yk‖2+1

2‖x−x
k‖2

Mk
1

}
zk+1 = argminz∈G

{
g(z) + c

2‖Lx
k+1 − z + c−1yk‖2 + 1

2‖z − zk‖2
Mk

2

}
yk+1 = yk + c(Lxk+1 − zk+1),

in connection with
minx∈H{f (x) + g(Lx) + h(x)} (1).

I h = 0 and Mk
1 = Mk

2 = 0 leads to the classical ADMM
I h = 0 and Mk

1 ,Mk
2 constant leads to the Proximal ADMM:

Shefi-Teboulle 2014, Toh, Sun, etc.
I the general case as above: Banert, Boţ, C., 2017
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The role of M1

A special choice of M1 induces a proximal step in the minimization

xk+1 = argminx∈H
{
f (x)+〈x−xk ,∇h(xk)〉+c

2‖Lx−z
k+c−1yk‖2+1

2‖x−x
k‖2

Mk
1

}
Take

Mk
1 := 1

τ
Id−cL∗L for τ > 0

then one obtains the proximal step:

xk+1 = (Id+τ∂f )−1 [
τcL∗(zk − c−1yk) + xk − τcL∗Lxk − τ∇h(xk)

]
.
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Primal-dual algorithms as special cases
Algorithm

xk+1 =
(
cL∗L + Mk

1 + A
)−1 [

cL∗(zk − c−1yk) + Mk
1 xk − Cxk

]
zk+1 =

(
Id+c−1Mk

2 + c−1B
)−1 [

Lxk+1 + c−1yk + c−1Mk
2 zk

]
yk+1 = yk + c(Lxk+1 − zk+1).

For Mk
1 := 1

τ
Id−cL∗L for τ > 0 and Mk

2 = 0 we get

yk+1 = JcB−1

(
yk + cLxk+1

)
xk+2 = JτA

(
xk+1 − τCxk+1 − τL∗(2yk+1 − yk)

)
I Vũ 2013
I the case C = 0: Boţ, C., Heinrich 2013
I the variational case: Condat 2013, Cambolle-Pock 2011
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Algorithm

xk+1 =
(
cL∗L + Mk

1 + A
)−1 [

cL∗(zk − c−1yk) + Mk
1 xk − Cxk

]
zk+1 =

(
Id+c−1Mk

2 + c−1B
)−1 [

Lxk+1 + c−1yk + c−1Mk
2 zk

]
yk+1 = yk + c(Lxk+1 − zk+1).

Convergence result: assume
I the set of primal-dual solutions is nonempty
I Mk

1 − 1
2η Id ∈ S+(H)

I Mk
1 ∈ S+(H),Mk

1 < Mk+1
1 , Mk

2 ∈ S+(G),Mk
2 < Mk+1

2

Suppose that one of the following assumptions holds:
(I) Mk

1 − 1
2η Id ∈ Pα1(H) with α1 > 0 for all k ≥ 0;

(II) L∗L ∈ Pα(H) and Mk
2 ∈ Pα2(G), α, α2 > 0 for all k ≥ 0.

Then (xk , zk , yk)k≥0 converges weakly to (x , Lx , v), where
−L∗v ∈ Ax + Cx and v ∈ B(Lx).
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The case C = 0
Algorithm

xk+1 =
(
cL∗L + Mk

1 + A
)−1 [

cL∗(zk − c−1yk) + Mk
1 xk

]
zk+1 =

(
Id+c−1Mk

2 + c−1B
)−1 [

Lxk+1 + c−1yk + c−1Mk
2 zk

]
yk+1 = yk + c(Lxk+1 − zk+1).

Convergence result: assume
I the set of primal-dual solutions is nonempty
I Mk

1 ∈ S+(H),Mk
1 < Mk+1

1 , Mk
2 ∈ S+(G),Mk

2 < Mk+1
2

Suppose that one of the following assumptions holds:
(I) Mk

1 ∈ Pα1(H) with α1 > 0 for all k ≥ 0;
(II) L∗L ∈ Pα(H) and Mk

2 ∈ Pα2(G), α, α2 > 0 for all k ≥ 0,
(III) L∗L ∈ Pα(H) with α > 0 and 2Mk+1

2 < Mk
2 < Mk+1

2 for all k.
Then (xk , zk , yk)k≥0 converges weakly to (x , Lx , v), where
−L∗v ∈ Ax and v ∈ B(Lx).
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The role of variable Mk
2

induces dynamic step sizes in the algorithm and allows to
accelerate the convergence behavior.
Algorithm
(accelerated version)

yk+1 =
(
τkLL∗ + Mk

2 + B−1)−1 [−τkL(zk − τ−1
k xk) + Mk

2 yk]
zk+1 =

(
θk
λ
− 1
)
L∗yk+1 + θk

λ
Cxk

+ θk
λ

(
Id+λτ−1

k+1A
−1)−1 [−L∗yk+1 + λτ−1

k+1x
k − Cxk]

xk+1 = xk + τk+1
θk

(
−L∗yk+1 − zk+1) ,

where
I λ, τk , θk > 0 for all k ≥ 0
I τkLL∗ + Mk

2 ∈ Pαk (G) for αk > 0 for all k ≥ 0.
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Particular instances (accelerated primal-dual algorithms)

The choice
τkLL∗ + Mk

2 = σ−1
k Id ∀k ≥ 0

leads to

xk+1 = J(τk+1/λ)A

[
xk + τk+1

λ

(
−L∗yk+1 − Cxk

)]
yk+2 = Jσk+1B−1

[
yk+1 + σk+1L

(
xk+1 + θk+1(xk+1 − xk)

)]
I Boţ, C., Heinrich, Hendrich 2015
I variational case and C = 0: Chambolle-Pock 2011
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Particular instances (accelerated proximal ADMM)

The variational case

A = ∂f ,B = ∂g ,C = 0

leads to

yk+1 = argmin
y∈G

[
g∗(y) + τk

2
∥∥L∗y + zk − τ−1

k xk∥∥2 + 1
2‖y − yk‖2

Mk
2

]
zk+1 = θk argmin

z∈H

[
f ∗(z) + τk+1

2
∥∥−L∗yk+1 − z + τ−1

k+1x
k∥∥2]

+ (θk − 1) L∗yk+1

xk+1 = xk + τk+1
θk

(
−L∗yk+1 − zk+1) .
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O( 1k ) convergence rate for the sequence (x k)k∈N
Assume
I the set of primal-dual solutions is nonempty
I A + C is γ-strongly monotone, γ > 0
I µτ1 < 2γ, λ ≥ µ+ 1, σ0τ1‖L‖2 ≤ 1,
I θk = 1√

1+τk+1λ−1(2γ−µτk+1)
for all k

I τk+2 = θkτk+1, σk+1 = θ−1
k σk for all k

I τkLL∗ + Mk
2 < σ

−1
k Id for all k

I τk
τk+1

LL∗ + 1
τk+1

Mk
2 <

τk+1
τk+2

LL∗ + 1
τk+2

Mk+1
2 for all k.

Then there exists c̃ > 0 such that

‖xk − x‖ ≤ c̃
k ∀k ≥ 2,

where x is the unique solution of the inclusion:

0 ∈ Ax + (L∗ ◦ B ◦ L)x + Cx .
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