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X C2¥ is Q-set:

X uncountable and every subset of X is a relative Gg.
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X C2¥ is Q-set:

X uncountable and every subset of X is a relative Gg.

X Q-set = 2XI = ¢ = |X| < c.
d Q-set =— 24t = .

MA = every uncountable X C 2% of size < ¢ is Q.
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Q-sets

X C2¥ is Q-set:
X uncountable and every subset of X is a relative Gg.

X Q-set = 2XI = ¢ = |X| < c.
J Q-set = 21 =c.

MA = every uncountable X C 2“ of size < ¢ is Q.

Przymusiriski (1980): 3 Q-set = 3 Q-set of size N; all of whose
finite powers are Q.
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Fleissner claimed (1983): CON ( 3 Q-set of size X and no square
of a set of reals of size Xy is Q ).
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Squares of Q-sets

Fleissner claimed (1983): CON ( 3 Q-set of size Xy and no square
of a set of reals of size N is Q ).

more explicit claim: CON ( 3 Q-set of size N, and
VX ={Xq 1 <wo} C 2 the set {(xa,X3) : v < B < wo} is not
a relative Gs in X2 ).
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Squares of Q-sets

Fleissner claimed (1983): CON ( 3 Q-set of size Xy and no square
of a set of reals of size N is Q ).

more explicit claim: CON ( 3 Q-set of size N, and
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Theorem (Miller)

If 3 Q-set of size Ny then there is a set of reals X = {x, : a < wa}
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Squares of Q-sets

Fleissner claimed (1983): CON ( 3 Q-set of size Xy and no square
of a set of reals of size Xy is Q ).

more explicit claim: CON ( 3 Q-set of size N, and

VX ={Xq 1 <wo} C 2 the set {(xa,X3) : v < B < wo} is not
a relative Gs in X2 ).

this is false!!!

Theorem (Miller)

If 3 Q-set of size Ry then there is a set of reals X = {x, : & < wp}
such that the set {(xa, xg) : @ < B < w2} is a relative Gs in X2.
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CON ( 3 Q-set of size X, and no square of a set of reals of size Y,

is Q)?
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CON ( 3 Q-set X (of size ;) such that X? is not Q )? l
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CON ( 3 Q-set X (of size ;) such that X? is not Q )? |

CON (3 Q-set X of size k such that X? is not Q ), k uncountable. |
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Sauares o
CON ( 3 Q-set X (of size ;) such that X? is not Q )?

CON (3 Q-set X of size k such that X? is not Q ),  uncountable.
If | X| =1 and X2 is Q, then all of its finite powers are Q.
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Squares of Q-sets 2

CON ( 3 Q-set X (of size ;) such that X? is not Q )?

Theorem (J. Br. 2015)
CON (3 Q-set X of size k such that X? is not Q ),  uncountable.

Theorem (Miller 2016)
If |X| =Ny and X2 is @, then all of its finite powers are Q.

CON ( 3 X such that X? is Q but X3 is not )
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CON (3 @-set X of size k such that X? is not Q ), k uncountable. '
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CON (3 @-set X of size k such that X? is not Q ), k uncountable. l

Proof outline. Add x Cohen reals C = {¢c, : a < k}.
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CON (3 @-set X of size k such that X? is not Q ), k uncountable.

Proof outline. Add x Cohen reals C = {¢c, : a < k}.

Make C into a Q-set by an fsi of length k™, going through all
subsets of C by book-keeping, turning them into relative Gs's by
ccc forcing.
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Rough outline of proof

Theorem (J. Br. 2015)
CON (3 Q-set X of size k such that X2 is not Q ), k uncountable.

Proof outline. Add x Cohen reals C = {c, : a < k}.

Make C into a Q-set by an fsi of length k™, going through all
subsets of C by book-keeping, turning them into relative Gs's by
ccc forcing.

To show that C2 is not a Q-set, prove that {(ca,cs) : o < B < K}
is not relative Gz in C2.
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Rough outline of proof

Theorem (J. Br. 2015)
CON (3 Q-set X of size k such that X2 is not Q ), k uncountable.

Proof outline. Add x Cohen reals C = {c, : a < k}.

Make C into a Q-set by an fsi of length k™, going through all
subsets of C by book-keeping, turning them into relative Gs's by
ccc forcing.

To show that C2 is not a Q-set, prove that {(ca,cs) : o < B < K}
is not relative Gz in C2.

no contradiction to Miller's result!!!
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V = GCH.

(P, : v < k™) finite support iteration of ccc forcing.
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V = GCH.

P, : v < k™) finite support iteration of ccc forcing.
v

Recursive definition with finitary conditions.

it
-

«0O0)>» «F»r «Z» « Q>



Definition of the forcing

V = GCH.
(P, : v < k™) finite support iteration of ccc forcing.

Recursive definition with finitary conditions.

(A, 1y < k™) sequence of P,-names of subsets of r s.t.
V P,+-name A for subset of k 3y < st s.t. Ik, A=A,
(standard book-keeping).
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Definition of the forcing

(P, : v < &™) finite support iteration of ccc forcing.

(Ay 1y < rT) sequence of P,-names of subsets of & s.t.
V P,+-name A for subset of k 3y < st st. Ik, A=A,
(standard book-keeping).

e [Py trivial.
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FP C k finite. Order as usual.
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ply € Py and p(y) C (2<% U k) x w finite s.t.
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Definition of the forcing

(P, : v < &™) finite support iteration of ccc forcing.

(Ay 1y < rT) sequence of P,-names of subsets of & s.t.
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o (a,n),(o,n) € p(y) = of and o incompatible in 2<%,
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Definition of the forcing
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Definition of the forcing

(P, : v < &™) finite support iteration of ccc forcing.

(Ay 1y < rT) sequence of P,-names of subsets of & s.t.
V P,+-name A for subset of k 3y < st st. Ik, A=A,
(standard book-keeping).

e [Py trivial.
o P; =C,. If pe Py, then p(0) = (05 € 2<% : a € FP),
FP C k finite. Order as usual.

@ (v >1) P41 consists of functions p with dom(p) = v+ 1,
ply € Py and p(y) C (2<% U k) x w finite s.t.

o (a,n) € p(y) = a € FPand plylra ¢ A,,
o (a,n),(o,n) € p(y) = of and o incompatible in 2<%,

g < pif qly < plyand q(y) 2 p(v).
@ (v limit) as usual.
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o (a,n) € p(y) = a € FP and plrlFa ¢ A,

e (a,n),(o,n) € p(y) = ok and o incompatible in 2<%,
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o (a,n) € p(y) = a € FP and plrlFa ¢ A,

e (a,n),(o,n) € p(y) = ok and o incompatible in 2<%,
Intention:
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o (a,n) € p(y) = a € FP and plrlFa ¢ A,

e (a,n),(o,n) € p(y) = ok and o incompatible in 2<%,
Intention:

Uy.n = U{lo] : (o, n) € p(7) for some p € G} open
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o (a,n) € p(y) = a € FP and plrlFa ¢ A,

e (a,n),(o,n) € p(y) = ok and o incompatible in 2<%,
Intention:

Uy.n = U{lo] : (o, n) € p(7) for some p € G} open
Hy=,Uyn Gs

it
-

«0O0)>» «F»r «Z» « Q>



o (a,n) € p(y) = a € FP and plrlFa ¢ A,

e (a,n),(o,n) € p(y) = ok and o incompatible in 2<%,
Intention:

Gs

Uy.n = U{lo] : (o, n) € p(7) for some p € G} open
H’Y = nn U ,n
(o,n) € p(y) means: [0] C U. n
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The Q-set

o (a,n) € p(y) = a € FP and plrlFa ¢ A,
e (a,n),(o,n) € p(y) = o8 and o incompatible in 2<%,
Intention:
Uy.n = U{[o] : (o, n) € p() for some p € G} open
HV =, u n o Gs
(0, n) € p(7y) means: [0] C U, ,
(o, n) € p(y) means: ¢o & Uy = éo ¢ H,
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o (a,n) € p(y) = a € FP and plrlFa ¢ A,
e (a,n),(o,n) € p(y) = ok and o incompatible in 2<%,
Intention:

Uy.n = U{lo] : (o, n) € p(7) for some p € G} open
Hy=,Uyn Gs
(0,n) € p(v) means: [o] C U,

(o, n) € p(v) means: ¢o ¢ Uy = éo ¢ H,

yp1Hy N {éy:a <k} ={Ca:ac A}
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o (a,n) € p(y) = a € FP and plrlFa ¢ A,
e (a,n),(o,n) € p(y) = ok and o incompatible in 2<%,
Intention:
Uy.n = U{lo] : (o, n) € p(7) for some p € G} open
H’Y = nn U ,n G5
(0,n) € p(7) means: [0] C U, ,
(o, n) € p(v) means: ¢o ¢ Uy = éo ¢ H,

yp1Hy N {éy:a <k} ={Ca:ac A}

Ikt {éa : v < K} is a Q-set. I
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Assume p,q € P, are s.t.
@ oh =0l foralla € FPNFY,

e V¢ € supp(p) Nsupp(q) with § > 0, V(o, n):

(o,n) € p(8) <= (o,n) € q(9).
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Compatibility of conditions

Lemma
Assume p, q € P are s.t.
e ob =0l foralla € FP N F9,
e V¢ € supp(p) Nsupp(q) with § > 0, V(o, n):
(0,n) € p(6) <= (o, n) € q(6).
Then p and q are compatible with common extension r given by

o supp(r) = supp(p) Usupp(q),
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e ob =0l foralla € FP N F9,
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, of ifa e FP
©0,=1 4 .
oa Ifa€ F9,
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Compatibility of conditions
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Proof. Prove by induction on § <~ that r[é is condition.
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Compatibility of conditions

Lemma
Assume p, q € P are s.t.
e ob =0l foralla € FP N F9,
e V¢ € supp(p) Nsupp(q) with § > 0, V(o, n):
(o,n) € p(8) < (o, n) € q(9).
Then p and q are compatible with common extension r given by

o supp(r) = supp(p) Usupp(q),

e F' = FPUFY,
, of ifa e FP

° 0] = ]
od ifa € F9,

e r(6) = p(0) Uq(d) for all § € supp(r) with § > 0.

Proof. Prove by induction on § <~ that r[é is condition.
6 =1, limit step: obvious.
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(6 > 1) Prove for § + 1. Assume (a, n) € r(9). _
Wiog (a, n) € p(0) = pldlta ¢ As = rldlFa ¢ As.

«40)>» «Fr «=» « =) = Q>



Compatibility of conditions 2

(0 > 1) Prove for § + 1. Assume («, n) € r(0).
Wilog (a, n) € p(0) = pldlFa ¢ As = r|dlFa ¢ As.
Assume («, n), (o, n) € r(6). Wlog («, n) € p(d) and (o, n) € q(9).

So § € supp(p) Nsupp(q) = (o, n) € p(9)
= o/ = o and o incompatible.
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Compatibility of conditions 2

(6 > 1) Prove for 6 + 1. Assume (a, n) € r(9). .
Wiog (a, n) € p(§) = plilra ¢ As = r[dlFa ¢ As.

Assume («, n), (o, n) € r(6). Wlog («, n) € p(d) and (o, n) € q(9).
So § € supp(p) Nsupp(q) = (o, n) € p(9)
= o/ = o and o incompatible.

Order relation trivial.
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(6 > 1) Prove for § + 1. Assume (a, n) € r(9).
Wilog (a, n) € p(0) = pldlFa ¢ As = r|dlFa ¢ As.
Assume (a, n), (o, n) € r(d). Wlog (e, n) € p(d) and (o, n) € q(9).

So § € supp(p) Nsupp(q) = (o, n) € p(9)
= o/ = of and o incompatible.

Order relation trivial.

P, is ccc, v < k7. I
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IFe+{(Ca,€s) 1 @ < B < K} is not a relative Gj. I
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IFe+{(Ca,€s) 1 @ < B < K} is not a relative Gj. I

Proof outline. Assume V,, C (2¢)2 open,
IFe+{(Ca,és) v < B < K} €, Va
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IFe+{(Ca,€s) 1 @ < B < K} is not a relative Gj. '

Proof outline. Assume V, C (2*)2 open,

It {(Cas €5) s < B < K} C N, Vo

Need to find 8 < a < & s.t. Ikt (¢a, €5) €N, Vo
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IFe+{(Ca,€s) 1 @ < B < K} is not a relative Gj. l

Proof outline. Assume V,, C (2¢)2 open,
IFe+{(Ca,és) v < B < K} €, Va

Need to find 8 < a < & s.t. Ikt (¢a, €5) €N, Vo

x large, M < H(x) countable, x,P,+, V, € M.
Fix MNw; < < a<ws.
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IFe+{(Ca,€s) 1 @ < B < K} is not a relative Gj. I

Proof outline. Assume V, C (2“’)2_open,
IFe+{(Ca,és) v < B < K} €, Va
Need to find 8 < a < & s.t. Ikt (¢a, €5) €N, Vo

x large, M < H(x) countable, x,P,+, V, € M.
Fix MNw; < < a<ws.

YnVp3q < pJog, 70 € 2<% s.t. o9 C od, 10 C Ug, and
glF[oo] % [10] C V,.
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IFe+{(Ca,€s) 1 @ < B < K} is not a relative Gj.

Proof outline. Assume V, C (2“’)2_open,
IFe+{(Ca,és) v < B < K} €, Va
Need to find 8 < a < & s.t. Ikt (¢a, €5) €N, Vo

x large, M < H(x) countable, x,P,+, V, € M.
Fix MNw; < < a<ws.

YnVp3q < pJog, 70 € 2<% s.t. o9 C od, 10 C Ug, and
q”‘[Uo] X [7‘0] - V,,.

This clearly implies IF(¢a, ¢5) € (), Va. Done!

«O> «F>» «=)r» «=)» = Q>



VnVp3q < p o, 70 € 2<% s.t. 09 C od, 10 C 0’2, .
glF[oo] % [10] € V.

i
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VnVp3q < pog, 70 € 2<¥ s.t. 09 C 0d, 70 C ag, and
glF[oo] x [10] C V.

Proof outline. By elementarily find o/ < MNw; < Band p e M
sit. o, =0k and p’ “looks like" p
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VnVp 3g < p Jog, 0 €2<¥ s.t. 09 Cod, 70 C og, and
glF[oo] x [10] C V.

Proof outline. By elementarily find o/ < MNw; < Band p e M
sit. of, =0k and p’ “looks like" p.

By compatibility lemma p||p’. So let p” < p,p'.
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VnVp3q < pog, 70 € 2<¥ s.t. 09 C 0d, 70 C og, and
glF[oo] x [10] C V.

Proof outline. By elementarily find o/ < MNw; < Band p e M
sit. of, =0k and p’ “looks like" p.

By compatibility lemma p||p’. So let p” < p,p'.

Find p < p” and a9, 70 s.t. pl-(¢ur, ¢3) € [00] X [10] € Vi

Then op C JZ,,TO - ag.
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Main Claim

Main Claim
VnVp3q < p o, 70 € 2<% s.t. 09 C od, 10 C ag, and
qH—[O‘o] X [’7‘0] C Vn.

Proof outline. By elementarily find o/ < MNw; < Band p e M
sit. 0, =04 and p’ “looks like” p.

By compatibility lemma pl|p’. So let p” < p, p’.
Find § < p” and 09,70 s.t. pIF(Car, ¢5) € [00] X [10] C V.

Then o9 C 0?70 C O'Z.

Find r € M compatible with 5 s.t. rlF[og] X [ro] C V.
Wilog p < r.
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Main Claim
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Find § < p” and 09,70 s.t. pIF(Car, ¢5) € [00] X [10] C V.
Then o9 C 0?70 C O'Z.

Find r € M compatible with 5 s.t. rlF[og] X [ro] C V.
Wilog p < r.

Claim

p q_ P
ando'ﬂ =0g.

p and r have common extension q s.t. oq = oy
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Main Claim

Main Claim
VnVp3q < p o, 70 € 2<% s.t. 09 C od, 10 C ag, and
qH—[O‘o] X [’7‘0] C Vn.

Proof outline. By elementarily find o/ < MNw; < Band p e M
sit. 0, =04 and p’ “looks like” p.

By compatibility lemma pl|p’. So let p” < p, p’.

Find § < p” and 09,70 s.t. pIF(Car, ¢5) € [00] X [10] C V.
Then o9 C 0?70 C O'Z.

Find r € M compatible with 5 s.t. rlF[og] X [ro] C V.
Wilog p < r.

Claim

p q_ P
ando'ﬂ =0g.

p and r have common extension q s.t. oq = oy

Proof like compatibilitv lemma  Daonel
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